
BINARY QUADRATIC DIOPHANTINE EQUATIONS

These equations have the form:
  axxx

2 + axyxy + ayyy
2 + axx + ayy + a0 = 0     .............................................   (1)

where axx, axy, ayy, ax, ay and a0 are integers and solutions in integers are sought.  If axx, 
axy, and ayy are all zero, then the equation is linear.  We exclude this case from 
consideration.

Although he attributed the complete solution to Lagrange, the problem was 
systematically dealt with by Gauss in his work Disquisitiones Arithmeticae in the first 
decade of the 19th century and it is largely his methods that we follow here.

Theorem 1:  Equation (1) has a solution only if g = (axx, axy, ayy, ax, ay) divides a0.  
(x, y) is a solution of (1) iff it is a solution of (axx/g)x2 + ... + a0/g = 0.

Proof:  the first part follows from ND Supplement, 2c.  The remainder is obvious ¤

In what follows we assume that we have applied this test to (1) and, if the possibility 
of a solution is not thereby excluded, divided the coefficients by g.

We first seek to transform (1) to a homogeneous equation (no linear terms) by making 
the substitution x' = bxx + x0, y' = byy + y0.

If we multiply (1) by bx
2by

2, where bx, by are unspecified non-zero integers, then 
substitute x' - x0, y' - y0 for bxx and byy respectively, we find that to set the 
coefficients of x' and y' to zero we require:
  2axxbyx0 + axybxy0 = bxbyax

  axybyx0 + 2ayybxy0 = bxbyay

We call axy
2 - 4axxayy = d the discriminant of (1).  

If d ≠ 0, these simultaneous equations in x0, y0 have the rational solutions
  x0 = bx(axyay - 2ayyax)/d
  y0 = by(axyax - 2axxay)/d
Therefore we put bx = by = d and obtain the mapping
  x' = dx + (axyay - 2ayyax)
  y' = dy + (axyax - 2axxay)
If we multiply (1) by d and substitute x' - (axyay - 2ayyax) and y' - (axyax - 2axxay) for dx 
and dy respectively we find that if (1) is true then
  axxx'2 + axyx'y' + ayyy'2 = -[d(axxay

2-axyaxay + ayyax
2) + d2a0] = M.

Theorem 2:  Let the discriminant d of the binary quadratic equation (1) not be zero,
and let (x, y) be the set of pairs of rational numbers defined by:
  x = (1/d)(x' - axyay + 2ayyax)
  y = (1/d)(y' - axyax + 2axxay)   ..................................................................   (2)
where x', y' are solutions of:
  axxx'2 + axyx'y' + ayyy'2 = -[d(axxay

2-axyaxay + ayyax
2) + d2a0] = M   ..........   (3)

Then the solutions of (1) consists of those of the pairs (x, y) both of whose elements 
are integers.

Proof:  We have shown that if (x, y) is a solution then it is necessary that x', y' satisfy 
(2).  We can show by substituting for x', y' in (3) that if x', y' satisfy (3), then x, y 
satisfy (1)  ¤

Case of d = 0

Before using the above result to continue the analysis, we dispose of the case d = 0.
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axx, and ayy cannot both be zero, because if they are axy is zero and we have eliminated 
this case from consideration.  Thus (axx, ayy) is defined.  Let (axx, ayy) = g.  By CFLE, 
Supplement, 1b, (axx/g, ayy/g) = 1.  Since d = 0, we have (axx/g)(ayy/g) = (axy/2g)2.  
Since axx/g and ayy/g have no common factors, by PN&UFT, Supplement, 1, the 
absolute values of each of them must be the square of an integer, so we can write axx = 
f1gsxx

2;  ayy = f1gsyy
2, where f1 is a factor of ± 1 that gives axx and ayy their correct 

signs (noting that since 4axxayy = axy
2 they have the same sign).  Also, axy = 

2f1f2gsxxsyy, where f1f2 is a factor of ± 1 that gives axy its correct sign.  In other words, 
we have:

axx axy f1 f1f2 f2

≥ 0 ≥ 0 +1 +1 +1
≥ 0 < 0 +1 -1 -1
< 0 ≥ 0 -1 +1 -1
< 0 < 0 -1 -1 +1

If we substitute for axx, ayy and axy in (1) we obtain f1g(sxxx + f2syyy)2 + axx + ayy + a0

= 0.  If axx  ≠ 0 then sxx ≠ 0, so we multiply by sxx and set u = sxxx + f2syyy to obtain:
  f1gsxxu

2 + axu + sxxa0 = (f2syyax - sxxay)y = ny   ....................................................   (4)

If axx is zero, we can exchange the subscripts x and y in (1) and proceed in the same 
way to obtain (4).  If the set of pairs (x, y) represent the solutions of the transformed 
equation, then the set of pairs (y, x) is the set of solutions of the original equation.

If n = 0 then (4) becomes a quadratic equation in one variable and we have
  2f1gsxxu = 2axxx + axyy = -ax ± √(ax

2 - 4 axxa0).
If ax

2 < 4 axxa0 there is no solution to this equation and therefore to (1).
If ax

2 = 4 axxa0 we have a linear equation in x, y.
If ax

2 > 4 axxa0 there is no solution unless ax
2 - 4 axxa0 is the square of an integer.  If it 

is, then the solution set of (1) is the combined solution sets of the two linear 
equations.

Now say n ≠ 0 and let t be any integer.  A solution u, y to (4) only exists if n divides
f1gsxxu

2 + axu + sxxa0 and it is not hard to see that this is the case iff n divides f1gsxx(u 
+ tn)2 + ax(u + tn) + sxxa0, where t is any integer, so we need only seek values of u in 
the range 0 ≤ u < |n| (if any) that make the LHS of (4) divisible by n.  We denote these 
as u1, ... ,uk.

Substituting ui + nt for u in (4) we find we have a solution yi(t) only if:
  yi(t) = f1gsxxnt2 + (ax + 2f1gsxxui)t + (1/n)(f1gsxxui

2 + axui + sxxa0).
From the definition of ui we know that the last term is integral.

Since sxxxi(t) + f2syyyi(t) = ui + nt we find that for a given yi(t), a solution xi(t) exists
only if:
  sxxxi(t) = ui + nt - f1f2gsxxsyynt2 - f2syy(ax + 2uif1gsxx)t - f2(syy/n)(f1gsxxui

2 + axui + 
sxxao)

This can be re-arranged to give:
  xi(t) = -f1f2gsyynt2 - (ay + 2f1f2gsyyui)t - (1/n)(f1f2gsyyui

2 + ayui + f2syya0).
Note that xi(t) is a solution only if n | (f1f2syyui

2 + ayui + f2syya0).

These are necessary (not sufficient) conditions for (xi(t), yi(t)) to be solutions.  We can 
show that every (xi(t), yi(t)) as thus defined is a solution by showing that if xi(t), yi(t) 
and ui have the defined form then f1g(sxxx + f2syyy)2 + axx + ayy + a0 = 0, and that this 
implies the truth of (1).
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Binary quadratic forms

When d ≠ 0 Theorem 2 allows us to transform the problem of solving (1) to one of 
solving the simpler equation (3).

We call the LHS of (3) a binary quadratic form and abbreviate it as [axx, axy, ayy]
although we sometimes also use this bracketed expression simply to denote the 
ordered triplet of integers.  If there are integers x1, y1 that satisfy (3), we say that (x1, 
y1) is a representation of M by the form [axx, axy, ayy].  If (x1, y1) =1, we say the 
representation is primitive (meaning x1, y1 are relatively prime).  If (axx, axy, ayy) = 1 
we say the form is primitive.

Clearly g = (axx, axy, ayy) divides M and, by Theorem 1, (x', y') is a solution of (3) iff it 
is a solution of (axx/g)x'2 + (axy/g)x'y' + (ayy/g)y'2 = M/g.  Therefore we can divide the 
coefficients of (3) by g and in what follows assume that [axx, axy, ayy] is primitive.

Theorem 3:  if [a, b, c] has discriminant d =b2 - 4ac then d leaves remainder 0 (if b is 
even) or 1 (if b is odd) on division by 4;  and if d < 0 then a, c must have the same
sign and there is a representation of M ≠ 0 by [a, b, c] only if M has the same sign as a 
and c.

Proof:  Supplement, 1.

It will transpire that primitive representations are easier to find.  Therefore we show 
how to find all representations (if any) of M (when it is not zero) by finding the 
primitive representations of certain of its factors.

Theorem 4:  (x', y') is a representation of M ≠ 0 by a form [a, b, c] iff (x', y') = (gx'', 
gy'') where (x'', y'') is a primitive representation of M/g2 by [a, b, c] and g = gcd(x', y').

Proof:  First, suppose that (x, y) is a representation of M by a form [a, b, c].  Then ax2

+ bxy + cy2 = M.  x and y cannot both be zero, so gcd(x, y) = g is defined.  If we set x'
= x/g, y' = y/g, then by CFLE Supplement, 1b, gcd(x', y') = 1.  Also ax'2 + bx'y' + cy'2

= (1/g2)(ax2 + bxy + cy2) = M/g2 and since the LHS is integral, g2 is a square factor of 
M.  On the other hand, if (x', y') is a primitive representation of M/g2 by [a, b, c] 
where g2 is a square factor of M then clearly a(gx')2 + b(gx')(gy') + c(gy')2 = M and g 
= gcd(x', y') ¤

We label as (xg, yg) the set of representations (if any) of M by (gx', gy') where (x', y') 
is some primitive representation of M/g2.  Then:

Corollary:  if |g| ≠ |h| then (xg, yg) and (xh, yh) contain no identical pairs

Proof:  If (xg, yg) and (xh, yh) are identical pairs then g divides xh and yh, and since 
(xh, yh) = (hx', hy') where gcd (x',y') = 1, then g divides h.  Similarly h divides g, so by 
CF & LE Supplement, 1j, g = ±h.

Unimodular transformations

Let (x, y) be an ordered pair of integers.  We define a transformation υ:(x,y) → (x', y') 
where x' = αx + βy and y' = γx + δy and αδ - βγ =1 as a unimodular transformation.  υ 
is clearly bijective and invertible since x = δx' - βy' and y = -γx' + αy'.  We denote υ as 
{α, β, γ, δ} and (x', y') as υ(x,y) or (υ(x), υ(y)).

Now suppose that we make the substitution x' = αx + βy and y' = γx + δy in the 
equation ax2 + bxy + cy2 = M with {α, β, γ, δ} being a unimodular transformation.  
We obtain a'x'2 + b'x'y' + c'y'2 = M where:
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  a' = aδ2 - bγδ + cγ2                         )
  b' = -2aβδ + b(αδ + βγ) - 2cαγ       )        ................................................    (5)
  c' = aβ2 - bαβ + cα2                        )
We can regard (5) as a mapping υ:[a, b, c] → [a', b', c'].  We can denote [a', b', c'] as 
υ:[a, b, c] or [υ(a), υ(b), υ(c)].  It is evident that (x, y) is a representation of M by the 
form [a, b, c] iff (x', y') is a representation of M by the form [a', b', c'].

Now we can follow one unimodular transformation υ1:(x, y) → (x', y') with another 
υ2:(x', y') → (x'', y'') to obtain a transformation υ3:(x, y) → (x'', y'').  We can regard υ3

as a product of transformations, υ2υ1(x, y).  It is not hard to show (Supplement, 2) that 
if υ1 = {α1, β1, γ1, δ1} and υ2 = {α2, β2, γ2, δ2} then:
  υ3 = {α1α2 + β2γ1, α2β1 + β2δ1, α1γ2 + γ1δ2, β1γ2 + δ1δ2}  .........................  (6)

and that this is also a unimodular transformation.  In addition, since ax2 + bxy + cy2 = 
M = υ3(a)x''2 + υ3(b)x''y'' + υ3(c)y''2, the same law of multiplication that applies to υ as 
a mapping of integer pairs (x, y), also applies to υ as a mapping of integer triplets [a, 
b, c].  We note that the identity transformation {1, 0, 0, 1} leaves every pair (x, y) and 
every triplet [a, b, c] unchanged.  We now summarise this discussion and provide 
some further results:

Theorem 5:  Let υ denote a unimodular transformation {α, β, γ, δ}.  Then:
(1) (x, y) is a representation of M by the form [a, b, c] iff (υ(x), υ(y)) is a 

representation of M by the form [υ(a), υ(b), υ(c)]
(2) a product of unimodular transformations is also a unimodular transformation

whose elements are formed as in eq. (5) above
(3) gcd(x, y) = gcd(υ(x), υ(y))
(4) gcd (a, b, c) = gcd(υ(a), υ(b), υ(c)) and b2 - 4ac = (υ(b))2 - 4υ(a)υ(c)
(5) υ has a unique inverse υ-1 = {δ, -β, -γ, α} such that υ-1υ = υυ-1 = {1, 0, 0, 1}.

Proof:  (1) and (2) are an exercise (Supplement, 2).  For (3)-(5) see Supplement, 3.

We say that two forms [a, b, c] and [a', b', c'] are equivalent if there is a unimodular
transformation that carries one into the other.

Corollary:  Equivalence of forms is an equivalence relation (as defined in ND 
Supplement, 1).  Consequently, each member of the set of forms associated with a 
particular discriminant belongs to exactly one equivalence class.

Proof:  The reflexive property exists because there is an identity transformation
{1,0,0,1}.  The symmetric property exists because every transformation has an 
inverse.  The transitive property follows from part 2 of the theorem.  ¤

Now consider the form [M, N, P].  If this form has discriminant d then P = (N2-d)/4M.  
(1,0) is a representation of M by this form.  So if υ = {α, β, γ, δ} takes this form to [a, 
b, c] then by Th5(1), (α, γ) is a representation of M by [a, b, c].  Using these ideas we 
obtain:

Theorem 6: If (x, y) is a primitive representation of M by a form [a, b, c] with 
discriminant d then there exists an equivalent form [M, N, (N2 - d)/4M] with 
- |M| ≤ N < |M|. N is unique for a given (x, y). Conversely, if [M, N, (N2 - d)/4M] is a 
form such that -|M| ≤ N < |M| and there is a unimodular transformation {α, β, γ, δ} 
that takes this form to [a, b, c] then (α, γ) is a primitive representation of M by 
[a, b, c].
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Proof:  We first prove a weaker form of the theorem, which does not have the 
constraints on N or the uniqueness requirement.

Suppose there exists a form f = [M, N, (N2 - d)/4M] and υ[f] = [a, b, c] with υ = {α, β,
γ, δ}.  As shown above (α, γ) is a representation of M by [a, b, c].  Since αδ - βγ = 1 
then by CFLE Th2, gcd(α, γ) divides 1 so gcd(α, γ) = 1 and (α, γ) is primitive.  
Conversely, say (x, y) is a primitive representation of M by the form [a, b, c].  
Because x, y are relatively prime, by CFLE Th1Cor 2 there are integers α, β such that 
αx - βy = 1.  Thus {α, -β, -y, x} is a unimodular transformation that maps [a, b, c] to a 
form whose first element (by equation (5)) is ax2 + bxy + cy2 = M

To strengthen the proof to include the constraint on N, we need only show that given 
the form [M, N, (N2 - d)/4M] with the properties assumed and demonstrated above
there is an equivalent form [M, N1, (N1

2 - d)/4M] such that -|M| ≤ N1 < |M|.  Since 
υ[M, N, (N2 - d)/4M] = [a, b, c] we have υ-1[a, b, c] = [M, N, (N2 - d)/4M]. with, by 
Th5(4), υ-1 = {δ, -β, -γ, α} = {δ, -β, -y, x} and xδ - βy = 1.  Let υ 1

1
  = {δ + ty, -β - tx, -

y, x}.  This is a unimodular transformation since (δ + ty)x -(-β - tx)(-y) = 1.  By (5), 
υ 1

1
 [a, b, c] has first element ax2 + bxy + cy2 = M and second element 2t(ax2 + bxy + 

cy2) + 2aβx + b(δx + βy) +2cδy.  Noting that the second element of υ-1[a, b, c] is 2aβx 
+ b(δx + βy) +2cδy = N, then the second element of υ 1

1
 [a, b, c] is 2tM + N.  By the 

generalised Principal Division Identity (N & D, Supplement, 7), we can find q, N1

such that N = q(2M) + N1 and -|M| ≤ N1 < |M|, so setting t = -q we have the desired 
result.

To prove uniqueness of N for a given representation (x, y), suppose {α1, β1, -y, x} is 
the unimodular transformation that takes (x, y) to (1, 0) and [a, b, c] to [M, N, (N2 -
d)/4M] (where N is within the specified range).  Suppose there is another 
transformation {α2, β2, -y, x} is some other unimodular transformation that takes (x, 
y) to (1, 0) and [a, b, c] to [M, N1, (N 2

1
- d)/4M].  Now α1x + β1y = 1 and α2x + β2y = 

1.  By CFLE Th2, necessarily α2 = α1 + yt and β2 = β1 - xt and as we have seen above 
{α2, β2, -y, x} then takes [a, b, c] to some form whose first element is M and whose 
second element has principal remainder N1 = 2tM + N  ¤

Clearly by Th6, M has a primitive representation by [a, b, c] only if there exists an  -
|M| ≤ N < |M| such that 4M divides N2 - d.  If such an N exists, we say that any 
solutions associated with it have attached number N.

Before continuing our search for solutions in the general cases of d ≠ 0, we dispose of 
the special cases where M = 0 or d is the square of a non-zero integer (we call such an 
integer an integer square) using the following corollary:

Corollary:  There exists a representation of 0 (other than the representation (0, 0)) by a 
form of discriminant d only if d is the square of an integer.

Proof:  If there exists a representation (x, y) ≠ (0, 0) of 0 by a form [a, b, c] with 
discriminant d then ax2 + bxy + cy2 = 0.  Since neither x nor y is zero, then gcd (x, y) 
= g is defined.  Then (x/g, y/g) is a primitive representation of 0 by the form and by 
the main theorem there exists a form [0, b', c] with discriminant d.  Clearly d = b'2 ¤

Case of M = 0

(0, 0) is a representation of 0 by any form.  By Th6 Corollary, other representations 
are possible only if d is an integer square.
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Equation (3) becomes axxx'2 + axyx'y' + ayyy'2 = 0.

If both axx and ayy are zero, then axyx'y' = 0, d = a 2
xy

 and axy ≠ 0 since we have 

eliminated cases where axx, axy and ayy are all zero.  Also, from (3), since M = 0 then 
- axay = axya0.  Either x' or y' (or both) must be zero.  If x' is zero then from (2) there is 
an integral solution for x only if d divides -axyay.  Then substituting x = -axyay/d into 
(1), we find that the left hand side is zero regardless of the value of y.  Thus (if x' = 0), 
(x, y) is a solution iff d divides axyay and (x, y) = (-axyay, y) where y is any integer.  
Similarly, if y' = 0, (x, y) is a solution iff d divides axyax and (x, y) = (x, axyax/d), 
where x is any integer.

If axx is not zero, then multiplying the above equation by 4axx we obtain: (2axxx' + 
axyy')2 = dy'2.  If axx is zero and ayy is not, we exchange the subscripts of the 
coefficients in (1) noting that M is invariant with respect to this transformation.  If the 
resulting solutions (if any) are the pairs (x, y) then the solutions of the original 
equation are the pairs (y, x).

If d is a non-square integer, then by PN & UFT, Supplement, 1, there is a solution 
only if (x', y') = (0, 0) and d divides both axyay and axyax.

If d is a square, we obtain 2axxx + (axy ± √d)y = -ax ± (-axyax + 2axxay)/√d (where the 
sign taken for √d on the left must correspond with that on the right) and the solutions 
of (1) are the solutions of either of these linear equations.  These include the case (x', 
y') = (0, 0).  Clearly there is no solution if √d does not divide axyax - 2axxay.

Case of M non-zero and d a square integer

Now say M ≠ 0.  If both axx and ayy are zero, then, with reference to (3), axyx'y' = M.  
Clearly axy divides M.  Now say M/axy has (positive or negative) integer factors f1 and 
f2 = M/(axyf1).  Then x' = f1 and y' = f2 are solutions and it can be seen that the only 
solutions are solutions of this type.

By Th2 therefore the solutions of (1) are those pairs of the rational numbers x = (f1 -
axyay + 2ayyax)/d and y = (f2 - axyax + 2axxay)/d that are both integers, where f1 runs 
through all positive and negative divisors of M/axy and f2 = M/(axyf1).

If at least one of axx and ayy is not zero, then we obtain, in a manner similar to the case 
of M = 0 (exchanging subscripts if axx = 0):
  (2axxx' + axyy')2 - dy'2 = 4axxM.
Now say that 4axxM has factors f1, and f2 = 4axxM/f1.  Then:
  2axxx' + axyy' + (√d)y' = f1 and 2axxx' + axyy' - (√d)y' = f2for some pair of factors f1, f2, 
with the equations having to be simultaneously true.  So we have rational solutions:
  x' = (f1 + f2)/4axx - axy(f1 - f2)/(4axx√d)
  y' = ((f1 - f2)/(2√d)
with x and y then being given by (2).  It is not hard to verify that any x, y thus 
obtained are rational solutions of (1).  The integral solutions of (1) consist of those 
integral pairs obtained in this manner, where f1 ranges over all (positive and negative) 
divisors of 4axxM.

Automorphs

Having disposed of the special cases, we can now seek the general solutions of (3), 
and can assume that none of d, axx, ayy or M is zero, that (x', y') ≠ (0, 0) and d is not an 
integer square.
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As a consequence of Th 5(1), we can say that if (x, y) is a representation of M by 
[a, b, c] and υ is a transformation that maps [a, b, c] to itself then υ(x, y) is also a 
representation of M by the form.

We call such a transformation an automorph.  Clearly {1, 0, 0, 1} is an automorph of 
any form.  This is also the only unimodular transformation that maps (x', y') to itself.  
However, as we shall see, there can be more than one, even infinitely many, 
automorphs.  We also note that if υ is an automorph, then so is υn, where n is any 
(non-negative or negative) integer.

We now show that using automorphs we can generate all primitive representations of 
a form from a finite number of representations.  Suppose that (x', y') is a primitive 
representation of M by [a, b, c] that derives from the form [M, N, (N2 - d)/4M] in the 
manner described in Theorem 6.

Theorem 7:  Any two primitive representations of M by [a, b, c] that have the same 
attached number are related by automorphs.  Conversely, any two primitive 
representations that are related by automorphs have the same attached number.

Proof.  Let [a, b, c] have discriminant d.  If (x1, y1) and (x2, y2) are two representations
sharing an attached number, then by Theorem 6, there are unimodular transformations 
υ1, υ2 such that υ1(1,0) = (x1, y1) and υ1[M, N, (N2 - d)/4M] = [a, b, c]; and υ2(1,0) = 
(x2, y2) and υ2[M, N, (N2 - d)/4M] = [a, b, c].  Thus υ2υ1

-1 carries (x1, y1) to (x2, y2) 
and [a, b, c] to itself.

Conversely, suppose that υ is the automorph that takes (x1, y1) (with attached number 
N1) to (x2, y2) (with attached number N2).  Then υ3 = υ 1

2
 υυ1 takes (1, 0) to (1, 0) and 

[M, N1, (N 2
1

-d)/4M] to [M, N2, (N 2
2

-d)/4M].  If υ3 = {α, β, γ, δ} then clearly α = 1 and 

γ = 0, and since αδ - βγ = 1, then δ = 1.  By (5), N2 = -2Mβ + N1.  If β = 0 then N2 = 
N1.  If not, then N2 - N1 is divisible by 2M.  But by definition |N2 - N1| < 2M, so we 
must have N2 - N1 = 0.  ¤

As a consequence of the theorem, if we have found one primitive representation for 
each attached number, and have a method of generating automorphs, than all 
primitive representations associated with that attached number can be found.  we can 
show, furthermore, that these are all distinct, but firstly we take an initial step towards 
a method of constructing all automorphs of a form.

From Eq(3) an automorph υ = {α, β, γ, δ} of [a, b, c] has the properties:
  aδ2 - bγδ + cγ2 = a
  -2aβδ + b(αδ + βγ) - 2cαγ = b
  aβ2 - bαβ + cα2 = c

Re-writing the second equation we have:  γ(bβ - 2cα) + δ(bα - 2aβ) = b
and also by definition  γ(-β) + δ(α) = 1.

Solving these simultaneous equations for γ and δ we have:
  cγ = -aβ  and cδ = cα - bβ.

Since c divides aβ and bβ then by CFLE Supplement, 1e, if gcd(a,b,c) = 1, it divides 
β.  Consequently we can write β = cv.

Therefore, substituting in the third of the above equations, ac2v2 - bcαv + cα2 = c
If we multiply by 4 and divide by c (we have excluded the case c = 0) we have:
  4α2 - 4bαv + 4acv2 = 4
Adding bv2 - bv2 = 0 we have
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  (2α - bv)2 - dv2 = 4.
Thus υ = {α, β, γ, δ} is an automorph with respect to the form [a, b, c] only if there is 
an integer v such that (2α - bv)2 - dv2 = 4.

We now prove the converse, and thus the theorem:

Theorem 8:  υ = {α, β, γ, δ} is an automorph for a primitive form [a, b, c] iff α = (u + 
bv)/2, β = cv, γ = -av, and δ = (u - bv)/2 and u and v are any integers such that:
  u2 - dv2 = 4   .....................................................................................   (7)

Proof:  If {α, β, γ, δ} is an automorph then the arguments above show that it must 
have the form stated in the theorem.  On the other hand, say that α, β, γ, δ are rational 
numbers with the form shown.  We first show that α and δ are integers.  u2 - dv2 = u2 -
b2v2 + 4acv2 = (u + bv)(u - bv) + 4acv2 = 4.  So if u - bv is odd then 4 divides u + bv 
so u + bv = 4k and u - bv = 4k - 2bv which is even, a contradiction.  So u - bv must be 
even and thus α and δ are integers.  It is easy to verify by substitution that αδ - βγ = 1 
and that the expressions on the RHS of equation (5) are equal to a, b and c 
respectively.¤

If d is negative, then the only possible solutions to (7) are:
  (±2, 0) if d < -4
  (±2, 0) and (0, ±1) if d = -4
 (±2, 0) and (±1, ±1) (six solutions) if d = -3.
By Th3(1) d cannot take the values -2 or -1.

Solutions for positive d will be dealt with when we discuss the general case of d > 0.

Corollary:  Let (x, y) be some primitive representation of M ≠ 0 by a primitive form 
[a, b, c] and let υ1 = {α1, β1, γ1, δ1} and υ2 = {α2, β2, γ2, δ2} be two distinct automorphs 
of [a, b, c].  Then υ1(x, y) and υ2(x, y) are distinct.

Proof:  If M  ≠ 0 then one of x, y is not zero.  If x is zero then υ1(x, y) = (β1y, δ1y) ≠ 
(β2y, δ2y) = υ2(x, y), and similaryl if y is zero.  If x, y ≠ 0 we prove the counter-
positive.  Say υ1(x, y) = υ2(x, y).  We aim to prove that then necessarily υ1 = υ2.  
Clearly:
  (α1 - α2)x + (β1 - β2)y = 0
  (γ1 - γ2)x + (δ1 - δ2)y = 0

First, suppose that none of (α1 - α2), ... , (δ1 - δ2) is zero.  Then (α1 - α2)/(γ1 - γ2) = (β1 -
β2)/(δ1 - δ2).  If, according to the main theorem, we let α1 = (u1 + bv1)/2, ... , δ2 = (u2 -
bv2)/2 and simplify, we obtain u1u2 - dv1v2 = 4.  Since also u 2

1
- dv 2

1
 = 4 and u 2

2
- dv 2

2

= 4 we have u2(u1 - u2) = dv2(v1 - v2) and u1(u1 - u2) = dv1(v1 - v2).  If u1 = 0 or u2 = 0 
then v1 = v2 and consequently υ1 = υ2.  Similarly if v1 = 0 or v2 = 0 then υ1 = υ2.  If υ1

≠ υ2 then u1 - u2 ≠ 0 and v1 - v2 ≠ 0 and we can divide one equation by the other to 
obtain u1/u2 = v1/v2.  If this ratio is k, then since u 2

1
- dv 2

1
 = 4 we have k2(u 2

2
- dv 2

2
) = 

4 so k = ±1.  If k = 1 then υ1 = υ2, a contradiction.  If k = -1 then υ2 = {-α1, -β1, -γ1, 
- δ1} and it is easy to see that υ1(x, y) = υ2(x, y) implies (x, y) = (0, 0), a case that we 
have ruled out of consideration.

Now say α1 = α2.  Then either y = 0 or β1 = β2.  If β1 = β2 then by the main theorem, v1

= v2 (since we have excluded the case c = 0 from consideration) and γ1 = γ2.  Since 
α1δ1 - β1γ1 = 1 = α2δ2 - β2γ2 we have δ1 = δ2 and consequently υ1 = υ2.  Similar 
arguments apply if any of the conditions β1 = β2, γ1 = γ2, δ1 = δ2, applies  ¤



BINARY QUADRATIC DIOPHANTINE EQUATIONS 9

Reduced forms

We now require a criterion for determining which of the forms [M, N, (N2 - d)/4M] 
are equivalent to [a, b, c] and a method of finding, if equivalence is demonstrated, the 
transformation that takes [M, N, (N2 - d)/4M] to [a, b, c].  The method of attack is to 
try to identify a sequence of unimodular transformations by which any form of 
discriminant d can be carried to one or more forms [p, q, r] having the property that 
|p|, |q|, |r| < f(d) where f is some fixed function of d independent of p, q, r.  We call 
such forms reduced forms.  There there clearly can only be a finite number of such 
reduced forms, f1, f2, ... ,fn and any two forms will be equivalent iff they are both 
equivalent to one of these.  We deal firstly with the case d < 0.

Reduction of forms when d < 0

Let [a, b, c] have discriminant d < 0.  By Theorem 3, there is a representation of 
M ≠ 0 by [a, b, c] only if a, c and M have the same sign.  It is clear from (3) that (x, y) 
is a representation of M by [a, b, c] iff it is a representation of -M by [-a, -b, -c].  
Furthermore, by Th 5(1) and Th 3, the action of a unimodular transformation on [a, b, 
c] produces a form [a', b', c'] such that the signs of a, a', c, c' are the same.  Therefore 
we need only consider cases where a, c, M > 0. 

Now to investigate the constraints that might apply to [a, b, c] in a reduced form, we 
note that the forms [a, b, c] and [c, -b, a] are equivalent because, by (5), they are 
interconverted by the unimodular transformation {0, -1, -1, 0} and so we can require 
that a ≤ c.  As we shall show later, it is not difficult to construct a unimodular 
transformation υ that takes [a, b, c] to a form such that -|υ(a)| < υ(b) ≤ |υ(a)|, so we can
also tentatively stipulate that in a reduced form, -|a| < b ≤ a.  If a = c, then [a, b, a] and 
[a, -b, a] are equivalent as shown above so for this case, we apply the additional 
requirement that b ≥ 0.

Thus for the case d < 0, we define a form as reduced if, when |a| ≠ |c|, |a| < |c| and -|a| 
< b ≤ |a| or, when |a| = |c|, 0 ≤ b ≤ |a|.  It is not hard to show (Supplement, 4) that any 
such reduced form has b2 ≤ |ac| ≤ |d|/3.  Consequently, |a|, |c| ≤ |d|/3 and a reduced 
form as thus defined conforms with the requirement that |a|, |b|, |c| ≤ |d|/3 = f(d).

We now develop an algorithm for reducing any given form [a, b, c] of discriminant d 
to such a reduced form.  We note that υ = {α, -1, 1, 0} is a unimodular transformation, 
for any integer α.

If the form is not already reduced we apply υ to it to obtain [c, -b-2cα, a + bα +cα2].  
By the generalised Principal Division Identity (ND Th2(3)), there are integers q, r
such that -b = 2|c|q + r where -|c| < r ≤ |c|.  So -b - 2cα = 2|c|[q - (c/|c|)α] + r.  If we 
take α = (|c|/c)q, we have the form υ[a, b, c] = [a1 =c, b1, c1] where -|a1| < b1 ≤ |a1|.  If 
|a1| ≤ |c1| then this form is reduced.  If |a1| = |c1| and b1 ≥ 0 then the form is also 
reduced.  If |a1| = |c1| and b1 < 0 then one further application of υ  produces the form 
[c1, -b1, a1] which is reduced.  Otherwise, we have |a1| = |c| > |c1| and continue the 
process.  By infinite descent, we cannot continue this process indefinitely, otherwise 
we have an infinite chain of positive integers |c| > |c1| > .... .  Hence eventually we 
arrive at a reduced form.

For the purpose of computing α = (|c|/c)q, we note that from the proof of the 
generalised Principal Division Identity (ND, Supplement, 7) that q is the principal 
quotient on division of -b + |c| by 2|c| if 2|c| does not divide -b + |c|, otherwise it is this 
principal quotient minus 1.  Thus using ND Supplement, 6, we have q = [(-b + 
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|c|)/2|c|] if 2|c| does not divide -b + |c|.  Otherwise q = (-b + |c|)/2|c| - 1.  We have thus 
shown:

Theorem 9:  Let [a, b, c] be a form of negative discriminant and let υ be the 
unimodular transformation {α, -1, 1, 0} where α = [(-b + |c|)/2c] if 2c does not divide 
-b + |c|, and (-b + |c|)/2c - |c|/c otherwise.  The repeated application of υ to [a, b, c], 
υ[a, b, c] etc. takes [a, b, c] to a reduced form after a finite number of steps.

We now show that:

Theorem 10:  Let S be the set of forms having a given discriminant d < 0 and whose 
first element is greater than zero.  Then every equivalence class in S contains exactly 
one reduced form.

Proof:  As we have seen, S is closed under the action of unimodular transformations;
every form f = [a, b, c] in S has a, c > 0; and f can only represent a non-negative 
integer.  We also recall that by Th6, Corollary, (0, 0) is the only representation of 0 by 
this form.

We show that the three smallest non-zero numbers that can be represented by a 
reduced form [a, b, c] are a, c and a + c - |b| and from this we deduce the theorem.  We 
note that by the definition of a reduced form, a ≤ c ≤ a + c - |b|

a, c and a + c - |b| can be represented by [a, b, c] through the representations (1, 0), 
(0, 1) and (1, -b/|b|) respectively.  We denote f(x, y) = ax2 + bxy + cy2 = [a(x + 
by/2a)2] + [(4ac - b2)y2/4a] = A + B.  (A and B are not necessarily integers.)  A ≥ 0 
and by the Supplement, 4, b2 ≤ ac so f(x, y) ≥ 3acy2/4a (regardless of the value of x).

If |x| ≥ 2, y = ±1 then f(x, y) =ax2 ± bx + c ≥ ax2 -a|x| + c ≥ 2a + c > a + c - |b|.  The 
remaining cases are f(±1, ±1), f(±1, 0) and f(0, ±1) which give a + c ± |b|, a and c 
respectively.

Now a is the smallest (or equal smallest) number non-zero number that can be 
represented by [a, b, c].  By Th5(1), if there is some other reduced form [a', b', c'] 
equivalent to [a, b, c], there is a representation of a by [a', b', c'].  Now a' is the 
smallest (or equal smallest) non-zero number that can be represented by [a', b', c'], so 
a ≥ a'.  But by a similar argument, a' ≥ a.  So a' = a.  By continuing this chain of 
reasoning, we obtain c' = c and |b'| = |b|. 

If a = c then by the definition of a reduced form, b' = b.

Now suppose a < c.  If b' = b there is nothing to prove, so say b' = -b.

Now say {α, β, γ, δ} takes [a, b, c] to [a', b', c'] = [a, -b, c].  Then by (5), a = aδ2 - bγδ 
+ cγ2 > aδ2 - b|γδ| + aγ2 (since c > a and |γδ| ≥ γδ).  Say b > 0.  Since [a, -b, c] is 
reduced then by definition, -b > -a.  On the other hand if b < 0 then since a > 0, b < a 
so -b > -a also.  Thus aδ2 - b|γδ| + aγ2 > a(δ2 - |γδ| + γ2).

Now δ2 - 2|γδ| + γ2 = (|δ| - |γ|)2 > 0 so δ2 - |γδ| + γ2 > |γδ|.  Thus returning to the 
paragraph above we have a > a|γδ|.  This can only be true if γδ = 0.  If δ = 0 then a = c, 
a contradiction, so δ ≠ 0, γ = 0.

By (5) we also have b' = -b = -2aβδ + b(αδ + βγ) - 2cαγ = -2aβδ + bαδ.  Since αδ - βγ 
= 1 and thus αδ = 1, we arrive at b = aβδ.  But since b < a this cannot be so unless b = 
0  ¤.
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General solution of (1) when d < 0

If a solution is not ruled impossible by Theorem 1, we remove common factors from 
the coefficients and evaluate the right hand term in (3).  If this term, axx and ayy do not 
all have the same sign, then by Th 3 there is no solution.  If they are all negative then 
we reverse their signs and that of axy, and divide all coefficients by gcd(axx, axy, ayy), 
none of which affects the solution set (x', y').  For simplicity, we refer to the resulting 
binary quadratic form as [a, b, c] and continue to refer to the right hand term as M.

For each number g such that g2 divides M, we seek representations of M/g2 by [a, b, c] 
(Theorem 4).  For reasons discussed below, it is actually only necessary to consider 
positive values of g.

For each of these values of g, we then identify numbers -|M/g2| ≤ N < |M/g2| such that 
4M divides N2 - d (Th 6), where d is the discriminant of [a, b, c].  If N is such a 
number, we determine whether the reduced form of [M/g2, N, (N2 - d)/(4M/g2)] is 
identical with the reduced form of [a, b, c] (Theorems 9, 10).  If so, then N is an 
attached number and if {α, β, γ, δ} is the unimodular transformation that takes the 
former form to the latter (this transformation can be easily determined using Th9, 
equation (6) and Th 5(5)), then (α, γ) is a representation of M/g2 by [a, b, c].

The set of all such representations with attached number N can be generated using the 
automorphs identified in Th 8 and the discussion following it.  For each such 
representation, by Th 4, the corresponding representation of M by [a, b, c] can be 
found.  By virtue of Theorems 4, 6 and 7, (x', y') is a solution of (3) iff it is a 
representation determined in this manner.

However unless it is an empty set, there will be some duplication in the set of all 
(x', y') generated if negative as well as positive values of g are used.  This can be 
avoided by noting that if (α, γ) is a representation of M/g2 by [a, b, c], then (-α, -γ) is 
also a representation generated by an automorph.  Thus the representations (gα, gγ) 
and (-α, -γ) of M/g2 by [a, b, c] are both generated, so we can restrict g to positive 
values and still retain all solutions (x', y').  By virtue of Th4 Cor, Th 8 Cor, and the 
fact (which is easily seen) that for d < 0 distinct values of u and v (in eq (7))are 
associated with distinct automorphs, these solutions are all distinct.

The solutions of (1) are those values (x, y) determined by (2) that are integers.  There 
are no other solutions, and no two such values of (x, y) are identical if no two (x', y') 
are identical.

Reduction of forms when d > 0, d not the square of an integer

The treatment of this case follows similar lines to that of d < 0, but it is more 
complicated in two respects.  Firstly, there is more than one reduced form per 
equivalence class and secondly, there is an infinite number of automorphs.

For reasons we shall explain later, the use of a reduced form as defined for d < 0 does 
not lead to a solution of (3) for d > 0.  To identify a suitable candidate in this case, we 
begin by factorising the equation for d as:  (√d + b)(√d - b) = -4ac

We have already seen that since d is not the square of an integer, neither a nor c can 
be zero.  Now suppose |b| < √d.  Then both the quantities in brackets are positive, so 
ac is negative and a and c must have opposite signs.  Also it is easy to see (Suppl., 5) 
that either 2|a| and 2|c| both lie between √d + b and √d - b, or they both lie outside this 
range.  If both 2|a| and 2|c| lie between √d + b and √d - b then |a|, |b|, |c| < √d.  If we 
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defined a reduced form in this way, then the equivalent form [c, -b, a] would also be 
reduced so we add the requirement that b > 0 and thus define a reduced form as one 
for which 0 < b < √d and √d - b < 2|a|, 2|c| <√d + b.

We now demonstrate an algorithm that can reduce any given form [a, b, c] (whose
discriminant is of the defined type) to such a reduced form.

Theorem 11:  Let f = [a, b, c] be a form of positive non-square discriminant and let υ 
be the unimodular transformation {α, -1, 1, 0} where α = (|c|/c)([-(b + [√d] + 1)/2|c|] + 
1).  Then  (1)  if f is not reduced then repeated application of υ to [a, b, c], υ[a, b, c], 
etc will result, after a finite number of iterations, in a reduced form; and (2)  if f is 
reduced then υ(f) is reduced and repeated application of υ results in a repeating 
sequence (cycle) of reduced forms.

Proof:  If [a, b, c] is not already reduced we apply υ to it to obtain [c, -b-2cα, a + bα 
+cα2].  By the generalised Principal Division Identity, there are unique integers q, r
such that -b = 2|c|q + r where √d - 2|c| < r < √d.  So -b - 2cα = 2|c|[q - (c/|c|)α] + r.  If 
we take α = (|c|/c)q, we have the form [a1 =c, b1 = r, c1] where √d - 2|a1| < b1 < √d.  
Clearly, any form produced by the algorithm satisfies two of the four sufficient 
conditions for it to be reduced, namely b1 < √d and 2|a1| > √d - b1.

We note that since b1 = -b - 2cα = -b - 2(c2/|c|)q = -b -2|c|q, b + b1 is divisible by 2|c|.

We can obtain an explicit expression for α.  From the proof of ND Supplement, 6 and 
7, q = [(-b - [√d] + 2|c| - 1)/2|c|] = [-(b + [√d] + 1)/2|c|] + 1 and, as above, α = (|c|/c)q.

The forms we are considering can be categorised as shown in Table 1.  (For proof of 
the comments, see Supplement, 6).

Table 1:  Properties of the form [a, b, c] of positive non-square discriminant d

a c |b|
> 0 > 0 < √d cannot exist
" " > √d not reduced
" < 0 < √d indeterminate
" " > √d cannot exist

< 0 < 0 < √d cannot exist
" " > √d not reduced
" > 0 < √d indeterminate
" " > √d cannot exist

We consider firstly the indeterminate forms of Table 1, assuming the starting form 
[a0, b0, c0] is not reduced.  We shall prove the results shown in Table 2.  It is clear 
from the table that it takes at most two iterations of the reduction algorithm to 
transform a non-reduced form of the indeterminate type to a reduced form.  

Table 2:  Indeterminate, non-reduced forms of positive non-square discriminant d

Indeterminate form First application of reduction algorithm
√d > b0 > 0 2|c0| > √d + b0 Produces form of type in row 4

" 2|c0| < √d - b0 Produces reduced form
-√d < b0 < 0 2|c0| > √d - b0 Produces form of type in row 2

" 2|c0| < √d + b0 Produces reduced form
b0 = 0 2|c0| > √d Produces form of type in row 6

" 2|c0| < √d Produces reduced form
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We consider first the starting form in row 1.  We have seen that the reduction 
algorithm is a unimodular transformation υ = {α, -1, 1, 0} where α = (|c0|/c0)q and q = 
[-(b0 + [√d] + 1)/2|c0|] + 1.  By definition, for this form 2|c0| ≥ b0 + [√d] +1 > 0 so -1 ≤ 
-(b0 + [√d] +1)/2|c0| < 0 so [-(b0 + [√d] +1)/2|c0|] = -1 and q = 0.  Therefore υ = {0, -1, 
1, 0} and υ[a0, b0, c0] = [a1, b1, c1] = [c0, -b0, a0] and it is not hard to see that this form 
is of the starting type shown in row 4 of Table 2.

Now consider the starting form in row 3.  In this case we have 2|c0| ≥ [√d] - b0 + 1 > 
[√d] + b0 + 1 > 0.  So as before we have υ = {0, -1, 1, 0} and the resulting form [c0, -
b0, a0] is of the starting type shown in row 2 of the Table.

Now consider the starting form in row 4.  For this type -√d < b0 and by the reduction 
algorithm we also have √d -2|c0| < b1 so -2|c0| < b0 + b1.  However we have seen that 
2|c0| divides b0 + b1 and since 2|c0| does not divide any number that is greater than 
itself and less than 0, 0 < b0 + b1 and since b0 < 0, b1 > 0.  Also as a consequence of 
the reduction algorithm, b1 < √d.  Also 2|c0| = 2|a1| < √d - b1 by the reduction 
algorithm, and 2|c0| = 2|a1| < √d + b0 < √d + b1 so [a1, b1, c1] is reduced.

Now consider the starting form in row 2.  2|c0| - √d < - b0 and by the reduction 
algorithm √d -2|c0| < b1 < √d, so b1 - b0 > 0 and since b0 > 0, √d > b1 > 0.  We also 
have immediately 2|a1| = 2|c0| > √d - b1.

Now [√d] + b0 + 1 >  [√d] - b0 + 1 > √d - b0 >2|c0| > 0 so ([√d] + b0 + 1)/2|c0| > 1 and -
([√d] + b0 + 1)/2|c0| < -1 so [-([√d] + b0 + 1)/2|c0|] < -1.  So q < 0 and b1 + b0 = -2|c0|q 
≥ 2|c0|.  Since b0 < √d, 2|a1| = 2|c0| < b1 + √d.  Thus [a1, b1, c1] is reduced.

Now consider the starting form [a0, 0, c0] of row 5.  By an identical argument to that 
for row 1, we find that the reduction algorithm produces the form [c0, 0, a0] which is 
of the type shown in row 6.

Finally, consider the starting form in row 6.  By the reduction algorithm, we have 
immediately 0 < √d -2|c0| < b1 < √d, and 2|a1| = 2|c0| > √d - b1.  Furthermore we find 
[√d] + 1 > √d > 2|c0| > 0 so ([√d] + 1)/2|c0| > 1 and -([√d] + 1)/2|c0| < -1 so [-([√d] + 
1)/2|c0|] < -1 so q < 0 and b1 > = -2|c0|q ≥ 2|c0|.  Thus 2|a1| = 2|c0| < √d + b1 and the 
form is reduced.

We have thus shown that either of the indeterminate forms shown in rows 3 and 7 of 
Table 1 are carried to reduced forms by at most two iterations of the reduction 
algorithm.  We now show that any form of the type shown in row 2 is carried to a 
form of the type shown in row 3 by a finite number of iterations of the reduction 
algorithm.

The reduction algorithm produces [a1 = c0 > 0, b1, c1].  Table 1 shows that [a1, b1, c1] 
is either of the type shown in the third row, in which case there is nothing to prove, or 
is still of the type shown in the second row, in which case it is not reduced and a1, c1 > 
0 and |b1| > √d.  Now the algorithm gives √d - 2|a1|  = √d -2a1 < b1 < √d so √d -2a1 < 
b1 < -√d.

Now 2c1 = (b1
2 - d)/(2a1).  b1

2 < (√d -2a1)
2 = 4a1

2 - 2a1√d + d < 4a1
2 + d so 2c1 < 

(2a1)
2/(2a1) = 2a1 = 2c0.  So c1 < c0.  Thus we cannot run the algorithm repeatedly 

without at some point having ci become negative, in which case we will have a form 
of the type in line 3.

We obtain a similar result when the starting form is of the type shown in line 6.  We 
have thus proved the first part of the theorem.
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Table 3 illustrates the operation of the algorithm.  In these examples, once the 
algorithm produces the first reduced form, it continues to produce only reduced forms, 
eventually returning to the original reduced form (the second example takes 18 
iterations to achieve this;  these are not all shown).  We now prove the slightly more 
limited result stated in part 2 of the theorem.

Table 3:  Examples of the operation of the reduction algorithm.  Reduced forms are 
marked *.

d = 28, √d = 5.29 d = 417, √d = 20.42
[274, 798, 581] [-276, 729, -481]]
[581, -798, 274] [-481, -729, -276]
[274, -298, 81] [-276, -375, -127]
[81, -26, 2] [-127, -133, -34]
[2, 2, -3]* [-34, -3, 3]
[-3, 4, 1]* [3, 15, -16]*
[1, 4, -3]* [-16, 17, 2]*
[-3, 2, 2]* [2, 19, -7]*
[2, 2, -3]* [-7, 9, 12]*

We start with a reduced form [a0, b0, c0].  Thus 0 < b0 < √d and √d -b0 < 2|c0| < √d 
+b0.  We apply the algorithm to obtain [a1, b1, c1] where a1 = c0 and √d - 2|c0| < b1 < 
√d.

Firstly suppose 2|c0| < √d.  Then clearly b1 > 0 and consequently 2|c0| < √d +b1.  Thus 
√d - b1 < 2|c0| = 2|a1| < √d +b1 and 0 < b1 < √d, so [a1, b1, c1] is reduced.
Now suppose 2|c0| > √d.  By the reduction algorithm √d - 2|c0| < b1 < √d and since 
also 0 < b0 < √d we have √d - 2|c0| < b0 + b1 < 2√d.  Now |c0| < √d so -√d < b0 + b1.  
We have seen (in the proof of Th 11) that 2|c0| divides b0 + b1, but since no number 
between -√d and √d (other than 0) is divisible by 2|c0, then either b0 + b1 = 0 or b0 + b1

> √d.  In the latter case, since b0 < √d then b1 > 0.  In the former case, since 2|c0| < √d 
+b0 = √d -b1 then b1 < √d - 2|c0|, a contradiction.  Thus 0 < b1 < √d and √d - b1 < 2|c0| 
= 2|a1| < √d +b1 so [a1, b1, c1] is reduced.

We have thus proved that if the algorithm operates on a reduced form, it produces a 
reduced form.  Because a, b and c are bounded for reduced forms, the number of 
reduced forms is finite.  Therefore at some point a reduced form must be repeated, 
which marks the beginning of an identical cycle  ¤

Note that we have not proved that the starting form is in the cycle.  The sequence 
could be (if f1 is the starting reduced form): f1, f2, ... ,fk, fk+1,   , fk+n, fk+n+1=fk, ...

In fact it is the case that the reduction algorithm produces the complete set of reduced 
forms equivalent to a given form.  We now prove some corollaries that are needed in 
the proof of this result.

If [a, b, c] and [a', b', c'] are two reduced forms such that the first is carried to the 
second by the reduction algorithm, we say that [a', b', c'] is the successor of [a, b, c] 
and that [a, b, c] is the predecessor of [a', b', c'].

Corollary 1:  If [a, b, c] and [a', b', c'] are two reduced forms such that a'=c, the two 
forms have the same discriminant and b + b' is divisible by 2c = 2a' then [a', b', c'] is 
the successor of [a, b, c].

Proof:  Let [a1, b1, c1] be the successor form of [a, b, c].  We have at once a1 = c = a'.  
By definition -b = b1 + 2|c|q where √d - 2|c| < b1 < √d and q and b1are unique (that is, 
are the only two integers for which these relations between b and |c| can hold).  But 



BINARY QUADRATIC DIOPHANTINE EQUATIONS 15

since 2|c| divides b + b' we also have b + b' = 2|c|k for some integer k so -b = b' +
2|c|(-k) and because [a', b', c'] is reduced, √d - 2|a'| = √d - 2|c| < b' < √d.  As a 
consequence of the uniqueness of b1 and α in the first expression we must have b' = 
b1.  Also c1 = (d-b1

2)/4a1 = (d-b'2)/4a' = c'  ¤

We have yet to prove that a given reduced form [a', b', c'] even has a predecessor 
form.  However if it does, then it is produced by applying a transformation {α, -1, 1, 
0} to the predecessor, and therefore it should be possible to produce the predecessor 
from [a', b', c'] by applying the inverse transformation, that is, a transformation of the 
form {0, 1, -1, δ'}.  By this means we are able to prove:

Corollary 2:  Every reduced form [a', b', c'] has a unique predecessor form [a, b, c] 
which can be derived by applying to [a', b', c'] the unimodular transformation {0, 1, -
1, δ'} where δ' = (a'/|a'|)q and q = [-(b' + √d + 1)/2|a'|] + 1.

Proof: We commence with a reduced form [a', b', c'] and apply to it the unimodular 
transformation [0, 1, -1, δ'], where δ' remains to be determined, to obtain a form [a, b, 
c].  Clearly the two forms have the same discriminant.  By (5), we have c = a' and b = 
-b'-2a'δ'.  By the generalised Principal Division Identity, there are unique integers q, r 
such that -b' = 2|a'|q + r where √d - 2|a'| < r < √d.  So -b' - 2a'δ' = 2|a'|[q - (a'/|a'|)δ'] + r.  
If we take δ' = (|a'|/a)q, we have the form [a, b = r, c =a'] where √d - 2|c| < b < √d.

We note that since b' = -b - 2a'δ' = -b - 2(a'2/|a'|)q = -b -2|a'|q, b + b' is divisible by 
2|a'|.  We also obtain easily from the genrealised Principal Division Identity that q = 
[-(b' + [√d] + 1)/2|a'|] + 1.  Since δ' is unique, so is [a, b, c].

We can use the same method used to prove the first part of Th11(2) to show that [a, b, 
c] is reduced.

Then since a' = c and b + b' is divisible by 2|c| and the two forms have the same
discriminant, then by Cor 1, [a', b', c'] is the successor of [a, b, c] so [a, b, c] must be 
the predecessor of [a', b', c']   ¤

We are now able to prove the stronger form of part 2 of the main theorem, suggested 
by Table 3, namely:

Corollary 3:  if f is reduced then f lies within the cycle of reduced forms produced by 
repeated application of the reduction algorithm to f.

Proof:  Suppose that f1 is a reduced form to which the reduction algorithm is applied 
to create a sequnce of forms, of twhich the repeating form of smallest index is fk, and 
suppose the cycle length is n so fk+n = fn.  Clearly k < n.  If k = 1 there is nothing to 
prove, so say k > 1.  Since predecessor forms are unique, fk+n-1 = fk-1 and so on, so 
fk+n-(k-1) = fk-(k-1) = f1, so f1 is a repeating form  ¤

Equivalence of reduced forms (Gauss' Article 193)

We now solve the problem of determining whether two forms are equivalent, and if 
so, of finding a transformation that maps one form to the other.  The solution is 
contained in the following theorem:

Theorem 12:  Let [a, b, c] and [a', b', c'] have the same positive non-square 
discriminant, and let f and f' be respective reduced forms resulting from the 
application of the reduction algorithm to these forms.  Then the two forms are 
equivalent iff f and f' lie within the same cycle of reduced forms.
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Proof:  If f and f' lie in the same cycle, then there is a sequence of operations of the 
reduction algorithm, υ1 say, that takes [a, b, c] to f, a further sequence υ2 that takes f to 
f', and a sequence υ3 that takes [a', b', c'] to f'.  Thus υ3

-1υ2υ1 takes [a, b, c] to [a', b', c'] 
and is a unimodular transformation.  Thus [a, b, c] and [a', b', c'] are equivalent.

If [a, b, c] and [a', b', c'] are equivalent then so are f and f', so we can assume without 
loss of generality that the starting forms are reduced.  Let υ = {α, β, γ, δ} be a 
unimodular transform such that υ[a, b, c] = [a', b', c'].

We deal first with the special case where at least one of α, β, γ, δ is zero.  It can be 
shown (Supplement, 7) that in this case, [a', b', c'] is either identical with [a, b, c] or is 
its predecessor or its successor.  

So we can assume from now on that none of α, β, γ, δ is zero.

Now as we have seen repeated use of the reduction algorithm on f0 = [a, b, c] 
generates an infinite sequence of reduced forms which are successor forms of f, and 
repeated use of the inverse of the reduction algorithm generates an infinite sequence 
of reduced forms which are predecessor forms of f.  We can designate this sequence, 
which extends infinitely in both directions, as ..., f-n-1, f-n = f0, f-n+1, ... , f-1, f0, f1, ... , fn-

1, fn = f0, ... .  We denote as υi = {αi, βi, γi, δi} = (υ)i as representing i successive 
operations of the reduction algorithm if i ≥ 0 and i successive operations of the inverse 
reduction algorithm {0, 1, -1, δ'} as defined in Th11C2 if i < 0.  Clearly ... υ-2n, υ-n, υ0, 
υn, υ2n, ... are automorphs.  This is illustrated by the example in Table 4.

Table 4:  Unimodular transformations of the reduced form [3, 16, -5],  d = 316.  

i a b c reduction step αi βi γi δi αi/βi γi/δi

-7 -10 14 3 0 1 -1 -5 -27 -152 143 805 0.17764
-6 3 16 -5 0 1 -1 3 -8 -45 -27 -152 0.17763
-5 -5 14 6 0 1 -1 -2 3 17 -8 -45 0.17777
-4 6 10 -9 0 1 -1 1 2 11 3 17 0.17647
-3 -9 8 7 0 1 -1 -1 -1 -6 2 11 0.18181
-2 7 6 -10 0 1 -1 1 -1 -5 -1 -6 0.16666
-1 -10 14 3 0 1 -1 -5 0 1 -1 -5 0.20000
0 3 16 -5 1 0 0 1
1 -5 14 6 3 -1 1 0 3 -1 1 0 -3.0000
2 6 10 -9 -2 -1 1 0 -7 2 3 -1 -3.5000
3 -9 8 7 1 -1 1 0 -10 3 -7 2 -3.3333
4 7 6 -10 -1 -1 1 0 17 -5 -10 3 -3.4000
5 -10 14 3 1 -1 1 0 27 -8 17 -5 -3.3750
6 3 16 -5 -5 -1 1 0 -152 45 27 -8 -3.3777
7 -5 14 6 3 -1 1 0 -483 143 -152 45 -3.3776

  (b - √d)/2c = .177639        (b + √d)/2c = -3.377639

The table suggests a number of properties of the sequence of reduced forms.  These 
are used in the proof of the theorem and are proved in the Supplement.  (i)  if i < 0 
then αi = γi+1 = and βi = δi+1 and if i > 0 then γi = αi-1 and δi = βi-1 (Suppl, 8) (ii)  all the 
αi/βi with a positive index have the same sign, and this is the same as that of c.  All the 
γi/δi with a negative index have the same sign, and this is the same as that of a and 
thus the opposite to that of c (Suppl, 10) (iii)  |αi| > |αi-1| for i ≥ 1 and |βi| > |βi-1| for i > 
2;  and if i < 0, then | δ-i-1| > |δ-i+1| for -i ≤ -1 and | γ-i-1| > | γ-i+1| for -i < -2 (Suppl, 11) 
(iv) if i > 0 αi/βi lie in the order α1/β1, α3/β3, ... , L, ..., α4/β4, α2/β2 where L = (b +
√d)/2c.  If i < 0 γi/δi lie in the order γ-1/δ-1, γ-3/δ-3, ... , L, ..., γ-4/δ-4, γ-2/δ-2 where L = (b 
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- √d)/2c.  In both sequences, L is the limit of the terms, that is, by taking |i| large 
enough, the terms on either side of L can be made arbitrarily close to L (Suppl, 13).

The method of completing the proof of Theorem 12 is to show that every unimodular 
transformation {α, β, γ, δ} that takes [a, b, c] to another reduced form is either one of 
the υi (where i is a positive or negative index) or one of the -υi, where if υi = {αi, βi, γi, 
δi}, we define - υi as {-αi, -βi, -γi, -δi}.  It is clear from Eq(5) that υi[a, b, c] = - υi[a, b, 
c] and so - υi also takes a reduced form to another reduced form in the cycle.

We begin by noting (Suppl, 9a) that α/β and γ/δ have the same sign.  We deal first 
with the case where both have the same sign as α1/β1.

The proof proceeds in three parts.  We show firstly that either α/β = αi/βi for some 
positive index i, or else γ/δ = γi/δi.  We then show this implies that the ordered pair (α, 
β) = (αi, βi) or (α, β) = (-αi, -βi) in the first case, or (γ, δ) = (γi, δi) or (γ, δ) = (-γi, - δi) 
in the second.  We finally show that (α, β) = (αi, βi) or (α, β) = (-αi, -βi) implies that (γ, 
δ) = (γi, δi) or (γ, δ) = (-γi, - δi) respectively, and that the converse is also true.

The order of the αi/βi is given by (iv) above and shown in the diagram below.  (We do 
not know whether this sequence is in descending or ascending order of magnitude, but 
this is not important in what follows).  We also know that α1/β1 is an integer and that 
γi+1 = αi and δi+1 = βi.

By the Supplement, 10, α/β and γ/δ lie on opposite sides of L and have the same sign.  
Now by the Supplement, 9c, there can be no integer between α/β and γ/δ, so α1/β1

cannot lie between them.  Thus either one of them is equal to α1/β1 or they both lie to 
the right of α1/β1.  If α/β = α1/β1 the first part is proved.  If γ/δ = α1/β1 = γ2/δ2 the first 
part is also proved.  So say one of them lies between α1/β1 and L and the other one lies 
to the right of L.

Then we show the other one must lie between α2/β2 and L.  Suppose α/β lies between 
α1/β1 and L.  Then it lies between α1/β1 and γ1/δ1 = α2/β2 since α1/β1 and γ1/δ1 lie on 
opposite sides of L.  Thus by Suppl, 9b, |β| > |β1|, |δ1|.  Now if γ/δ lay to the right of
α2/β2 = γ1/δ1 then we would have γ1/δ1 between α/β and γ/δ and thus |δ1| > |δ|, |β|, a 
contradiction.  An analogous argument applies if we start with the assumption that γ/δ
lies between α1/β1 and L.

So α/β lies between α1/β1 and α2/β2, therefore either it is equal to some αk/βk, in which 
case the first part is proved, or it lies between αk/βk and αk+2/βk+2 for some k.  We 
show that if that is the case, then γ/δ = αk+1/βk+1 (see figure below).  If αk+1/βk+1 lay 
between α/β and γ/δ we would have |βk+1| > |δ|, |β| but at the same time because α/β 
lies between αk/βk and αk+2/βk+2 we know that |β| > |βk|, |βk+2| and by property (iii), 
|βk+2| > |βk+1|, so we have a contradiction.  If γ/δ lay between αk+1/βk+1 and αk+2/βk+2 we 
would have |δ| > |βk+1|,|βk+2|.  But since αk+2/βk+2 lies between α/β and γ/δ we have 
|βk+2| > |β|, |δ|, a contradiction.  This completes the proof of the first part.
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Now because αδ - βγ = 1 and αkδk - βkγk = 1 then gcd(γ, δ) = gcd(γk, δk) = 1 so using 
CF&LE Suppl, 1c, if γ/δ = γk/δk then either the ordered pair (γ, δ) = (γk, δk) or (γ, δ) = 
(-γk, - δk).  An identical argument applies if we start with the assumption that α/β = 
αk/βk.  This completes the proof of the second part.

Now suppose γ = γk and δ = δk.  Say υk takes [a, b, c] to [an, bn, cn] and we recall that υ 
= {α, β, γ, δ} takes [a, b, c] to [a', b', c'], a reduced form.
By Eq(5) we have:
  a' = aδ2 - bγδ + cγ2 = aδk

2 - bγkδk + cγk
2 = an

  b' = -2aβδk + b(αδk + βγk) -2cαγk

Multiplying by αkδk - βkγk = 1
b' = -2a(βαkδk

2 - ββkγkδk) + b(ααkδk
2 + βαkγkδk - αβkγkδk - ββkγk

2) - 2c(ααkγkδk - αβkγk
2)

Also, bn = -2aβkδk + b(αkδk + βkγk) -2cαkγk

Multiplying by αδk - βγk = 1
bn = -2a(αβkδk

2 - ββkγkδk) +b(ααkδk
2 + αβkγkδk - βαkγkδk - ββkγk

2) - 2c(ααkγkδk - βαkγk
2)

Subtracting the equation for bn from that for b' and simplifying we obtain:
b' - bn = -2(αkβ - βkα)(aδk

2 + bγkδk + c γk
2) = -2an(αkβ - βkα)

Now by the definition of a reduced form, bn lies between |√d - 2|an|| and √d, and b' lies 
between |√d - 2|a|| = |√d - 2|an|| and √d.  So by ND Suppl, 4, b' and bn both lie within 
an interval of 2|an|, so b' - bn is not divisible by 2an unless b' = bn in which case [a, b, 
c] = [an, bn, cn].  Then υ is an automorph and hence one of the ±υ±i.  Otherwise, αkβ -
βkα = 0 and thus α/β = αk/βk.

Therefore as we have seen above, either (α, β) = (αk, βk) or (α, β) = (-αk, -βk).  
Combining this with the result of the second part, we have either {α, β, γ, δ} = {αk, βk, 
γk, δk} or {α, β, γ, δ} = {-αk, -βk, -γk, -δk}.  (The options {α, β, γ, δ} = {αk, βk, -γk, -δk}
or {α, β, γ, δ} = {-αk, -βk, γk, δk} are not possible since neither right hand expression is 
unimodular).  We obtain a similar result if we start with the assumption that α = αk

and β = βk.

This completes the proof of the theorem in the case when α/β, γ/δ have the same sign 
as α1/β1.  The proof of the case where they have opposite signs follows an analogous 
process  ¤

We mentioned earlier that a reduced form as defined for the general case of d < 0 is
not suitable for solving (3) for the general case of d > 0.  This is because the reduction 
algorithm would not in that case yield the full set of equivalent reduced forms, and 
thus would not resolve the problem of determining whether two forms were 
equivalent.

We are now able to calculate all solutions of (1) in the general case of d > 0 to any 
desired degree of magnitude, using a similar process to that for the general case of 
d < 0.

Having invoked Th1, we divide each of axx, axy, ayy and the right hand term of 
equation (3) by gcd(axx, axy, ayy), calling the resulting form [a, b, c] and the resulting 
right hand term M.  For each positive g such that g2 divides M we identify the 
possible attached numbers N.

We determine the cycles of reduced forms equivalent to [a, b, c] and to [M/g2, N, 
(N2 - d)/(4M/g2)].  If they are identical, N is an attached number (Theorems 11, 12), 
and we can determine a solution to (1) exactly as described for the case d < 0.  We 
call such a solution (x 0

Ng,
, y 0

Ng,
).
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If n is the length of the cycle of reduced forms of [a, b, c], the automorphs are ±υ±n, 
±υ±2n, ... .  By property (iii), these are in order of increasing absolute value of |αi|, and 
as illustrated in Table 4, they can be obtained by repeated application of the reduction 
algorithm (Th 11) or inverse reduction algorithm (Th11 Cor 2).  If {αi, βi, γi, δi} is the 
set of automorphs, the set (αix 0

Ng,
+ βiy 0

Ng,
, γix 0

Ng,
+ δiy 0

Ng,
) is the set of solutions (x', y') 

to (3), and as is the case with d < 0, these solutions are all distinct.

The solutions to (1)are those values (x, y) determined by (2) that are integers.

It is, however, possible to derive recursion formulas by which all the solutions of (1) 
can be expressed in closed form in terms of a finite number of terms once the  
(x 0

Ng,
, y 0

Ng,
) are known, and we now proceed to do this.

Automorphs for d > 0

From Th 8 we have seen how to construct all automorphs of a primitive form of 
discriminant d from the solutions u, v of u2 - dv2 = 4.  Clearly (u, v) = (2, 0) is always 
a solution.  We denote this solution as (u0, v0) and if (u1, v1) is another solution such 
that u1, v1 > 0 and that if (ui, vi) is any other solution with ui, vi > 0 then vi > v1, we 
call (u1, v1) the fundamental solution.  It is not hard to see that this solution is unique.

If ±υ±n is one of the sets of automorphs described above, then u1, v1

= 2

2
n

c
)βd(

4  , c
β

n
.  it is easily seen that the value of u1, v1 is the same 

regardless of which of the four automorphs is chosen.

We will now show that all non-negative solutions of u2 - dv2 = 4 can be derived from
the fundamental solution.

Theorem 13:  Let d > 0 not be the square of an integer and let (u1, v1) be the
fundamental solution to u2 - dv2 = 4.  Then (u, v) is a non-negative integral solution of 
u2 - dv2 = 4 iff u and v are such that (u + v√d)/2 = ((u1 + v1√d)/2)n where n is a non-
negative integer.

Proof:  Note that n = 0 yields the solution u0, v0, and n = 1 yields u1, v1.  n = 2 yields 
((u1

2 + dv1
2)/2, u1v1) and it is not hard to show that this is also a solution.  Thus there 

are at least two non-negative solutions other than (u0, v0).

Say that (s1, t1) and (s2, t2) are any two solutions (not necessarily non-negative) other 
than (2, 0).  We define (s3, t3) by: (s3 + t3√d)/2 = ((s1 + t1√d)/2)((s2 + t2√d)/2).  We 
show that (s3, t3) is a solution:
s3 = (s1s2 + dt1t2)/2;   t3 = (s1t2 + s2t1)/2, so
s3

2 - dt3
2 = (s1

2s2
2 + 2ds1s2t1t2 + d2t1

2t2
2 - ds1

2t2
2 - 2ds1s2t1t2 - ds2

2t1
2)/4

 = (s1
2(s2

2 - dt2
2) - dt1

2(s2
2 - dt2

2))/4 = (s1
2 - dt1

2)(s2
2 - dt2

2)/4 = 4

Using this result we easily show by induction that ((u1 + v1√d)/2)n is a non-negative 
solution.

We now show there are no non-negative solutions other than these.  It is not hard to 
see that ((u1 + v1√d)/2)n < ((u1 + v1√d)/2)n+1.  Thus these real numbers lie in increasing 
order of n along the real number line and any real number must lie between two of 
them.  Suppose some solution (u' + v'√d)/2 lies between two of them, so:
((u1 + v1√d)/2)n < (u' + v'√d)/2 <((u1 + v1√d)/2)n+1 for some n.

Thus: 1 <(u1 + v1√d)/2)-n(u' + v'√d)/2 <(u1 + v1√d)/2.
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But it is not hard to see that (u1 + v1√d)/2)-n = (u1 - v1√d)/2)n.  Since (u1, -v1) is a 
solution, this is a solution by the result above (which is true regardless of sign) and 
thus (u1 + v1√d)/2)-n(u' + v'√d)/2 = u'' + v''√d lies between 1 and u1 + v1√d and thus 
there is a solution u'', v'' where u'', v'' ≠ u0, v0 and u'', v'' < u1, v1.  But this is 
impossible by the definition of (u1, v1) ¤

Corollary:  The relationship between three consecutive non-negative solutions of (7), 
for n ≥ 1, is:  un+1 = u1un - un-1;  vn+1 = u1vn - vn-1

Proof:  By the main theorem,
  (un+1 + vn+1√d)/2 = [(u1 + v1√d)/2][(u1 + v1√d)/2]n.  Also
  (un-1 + vn-1√d)/2 = [(u1 + v1√d)/2]n-1 = [(u1 + v1√d)/2]n[(u1 + v1√d)/2]-1 so
  ½[un+1 + un-1 + (vn+1 + vn-1)√d]  = [(u1 + v1√d)/2]n[(u1 + v1√d)/2 + 2/(u1 + v1√d)]
      = ½[un + vn√d][(u1 + v1√d)/2 + 2(u1 - v1√d)/(u 2

1
- dv 2

1
)]

      = ½[un + vn√d]u1  ¤

Determining integral values of (2)

By virtue of Theorem 8 and equation (2), if we put:
  axyay - 2ayyax = bx,  axyax - 2axxay = by in (2), then the set of solutions of (1) consist of 
those pairs of rational numbers (x )k(j,

i
, y )k(j,

i
), both of whose elements is integral, 

where:
  x )k(j,

i
 = (x 0

gN,
jui + (x 0

gN,
axy + 2y 0

gN,
ayy)kvi - 2bx)/2d

  y )k(j,
i

 = (y 0
gN,
jui - (2x 0

gN,
axx + y 0

gN,
axy)kvi -2by)/2d

  ui, vi are the non-negative solutions of u2 - dv2 = 4 and j, k take the values ±1.

Now if ρ is any positive integer, then by the Principal Division Identity, the mapping 
φ:i→nρ + h, where n is a non-negative integer and 0 ≤ h < ρ, is a 1:1 mapping of the 
non-negative integers onto themselves.  We can therefore re-write the above equations 
as:
  x )k(j,

hnρ  = (x 0
gN,
junρ+h + (x 0

gN,
axy + 2y 0

gN,
ayy)kvnρ+h - 2bx)/2d

  y )k(j,
hnρ  = (y 0

gN,
junρ+h - (2x 0

gN,
axx + y 0

gN,
axy)kvnρ+h -2by)/2d   ...............................   (8)

We now need to determine which of this infinite set of pairs of rational numbers is
integral.  The answer is in the following Theorem:

Theorem 14:  There exists a positive number ρ such that (x )k(j,
hnρ , y )k(j,

hnρ ) as defined in 

equation (7) is integral iff (x )k(j,
h

, y )k(j,
h

) is integral.  ρ is a function only of d.

Proof:  the proof uses the following lemmas, which are proved in Gauss' Article 201:

Lemma 1:  If (ui, vi) denote non-negative solutions of u2 - dv2 = 4 with (u0, v0) = (2, 0) 
and (u1, v1) being the fundamental solution, then if k is any given non-zero integer
there exists a ρ > 0 such that uρ - u0, vρ - v0, uρ+1 - u1, and vρ+1 - v1 are divisible by k.

Proof:  We first prove that there exists a ρ such that vρ - v0 is divisible by k.  v0 = 0 is 
divisible by k.  Now consider the equation u2 - (k2d)v2 = 4.  k2d is positive and not the 
square of an integer.  Also it is not hard to show, making use of Theorem 3, that it 
leaves remainder 0 or 1 on division by 4.  We have shown that in these circumstances 
there is a fundamental solution u1', v1'.  So u1'

2 - k2dv1'
2 = 4 = u1'

2 - d(kv1')
2.  so (u1', 

|k|v1') is a solution of u2 - dv2 = 4 and so corresponds to (uλ, vλ) for some λ with vλ and 
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hence vλ - v0 divisible by k.  If the other conditions are all met there is nothing to 
prove.  If not, we can show that all conditions are met for ρ = 2λ.

From Th 13 it is not hard to see that u2λ + v2λ√d = (uλ + vλ√d)2/2 and thus v2λ = uλvλ

and u2λ = (uλ
2 + dvλ

2)/2.  From the first result it is clear that v2λ - v0 = v2λ is divisible 
by k and from the second u2λ = dvλ

2 + 2.  So u2λ - u0 = u2λ - 2 = dvλ
2 which is also 

divisible by k.

By virtue of Th 13 it is also not hard to show that v2λ+1 -v1 = (1/2)(u2λv1 + u1v2λ) - v1 = 
uλ+1vλ and u2λ+1 - u1 = (1/2)(u1u2λ + dv1v2λ) = dvλ

2.  Both expressions are divisible by k 
since vλ is divisible by k  ¤

Lemma 2:  If (ui, vi) denote non-negative solutions of u2 - dv2 = 4 with (u0, v0) = (2, 0) 
and (u1, v1) being the fundamental solution then if n is any positive integer and ρ is an
integer such that such that uρ - u0, vρ - v0, uρ+1 - u1, and vρ+1 - v1 are divisible by k then 
unρ+h - uh and vnρ+h - vh are divisible by k for all n ≥ 0 and for all 0 ≤ h < ρ.

Proof:  First we show that if the four conditions hold then uρ+h' - uh' and vρ+h' - vh' are 
divisible by k without restriction on h' (provided it is non-negative).  We use 
induction.  By Lemma 1, t is true for h' = 0, 1.  Say it is true for all integers up to h' = 
m.

Then by Th 13 Cor 1, uρ+m+1 - um+1 = u1(uρ+m - um) - (uρ+m-1 - um-1).  By hypothesis the 
two terms in brackets are divisible by k, so the LHS must be also.  Similarly, vρ+m+1 -
vm+1 = u1(vρ+m - vm) - (vρ+m-1 - vm-1).

Now when  0 ≤ h < ρ we have unρ+h - uh = {uρ+[(n-1)ρ+h] - u(n-1)ρ+h} + {uρ+[(n-2)ρ+h] -
u(n-2)ρ+h} + ... + { uρ+h - uh} and by the previous result each of the terms in brackets on 
the right is divisible by k.  We obtain an identical result with vnρ+h - vh  ¤

Now x )k(j,
hnρ - x )k(j,

h
 = [x 0

gN,
j(unρ+h - uh) + (x 0

gN,
axy + 2y 0

gN,
ayy)k(vnρ+h - vh)]/2d

By Lemma 2, there exists a ρ such that the RHS is integral.  For this ρ, x )k(j,
hnρ is 

integral iff x )k(j,
h

 is integral.  An identical argument applies to y )k(j,
hnρ   ¤

Using the recursion formula in Th13 Cor1, we can easily calculate (x )k(j,
h

, y )k(j,
h

) and 

(x )k(j,
hρ , y )k(j,

hρ ).  The following recursion formula enables further values to be calculated 

to any desired level of magnitude:

Corollary:  for n ≥ 1, 
  x )k(j,

h1)ρ(n  = uρx )k(j,
hnρ - x )k(j,

h1)ρ-(n  + (uρ - 2)bx/d

  y )k(j,
h1)ρ(n  = uρy )k(j,

hnρ - y )k(j,
h1)ρ-(n  + (uρ - 2)by/d

(by definition of ρ, uρ - 2 = uρ - u0 is divisible by d, so the last term in each equation is 
integral).

Proof:  it is not difficult to show by the same method used to prove Th13 Cor1, that
  u(n+1)ρ+h = uρunρ+h - u(n-1)ρ+h

  v(n+1)ρ+h = uρvnρ+h - v(n-1)ρ+h

The result follows by substituting these expressions in (8)  ¤

Usng Th13 Cor, we can calculate ρ, as defined in Th14, Lemma 1.  For each solution 
x 0

N,g
, y 0

N,g
 to (3), we test whether x )k(j,

h
, y )k(j,

h
as defined in (8) are both integral, for 

each 0 ≤ h < ρ and j, k = ±1.  For any such pair of integral values, there is an infinite 
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sequence of solutions (x )k(j,
h1)ρ(n  , y )k(j,

h1)ρ(n  ), n = 0, 1, 2, ... ;  these can be calculated 

recursively to any desired value of n by virtue of Th 14 Cor.

For similar reasons to those discussed in the general case of d < 0, these solutions 
have no duplicates as, except for the case of (u0, v0) = (2, 0) (when k = ±1 yeild the 
same automorph), distinct values of j, k yield distinct automorphs.

SUPPLEMENT

(1) (a) Show that the discriminant d = b2 - 4ac must leave principal remainder zero 
on division by 4 if b is even, and principal remainder 1 if it is odd

(b) Show that if ax2 + bxy + cy2 = M and d = b2 - 4ac < 0 then a, c  ≠ 0, a, c have 
the same sign and M has the same sign as a, c.  If a or c were zero we would have d = 
b2 ≥ 0.  Multiply the equation by 4a and re-arrange to obtain (2ax + by)2 - dy2 = 4aM.

(2) Show that if α1, β1, γ1, δ1 is a unimodular mapping taking (x, y) to (x', y') and α2, 
β2, γ2, δ2 is a unimodular mapping taking (x', y') to (x'', y'') then the mapping that takes 
(x, y) to (x'', y'') is {α1α2 + β2γ1, α2β1 + β2δ1, α1γ2 + γ1δ2, β1γ2 + δ1δ2}.  Show that this 
is a unimodular transformation.

(3) (a) Show that if υ = {α, β, γ, δ} is a unimodular transformation then gcd(υ(x),
υ(y)) = gcd(x, y).  υ(x) = αx + βy and υ(y) = γx + δy.  gcd(x, y) divides the RHS of 
both expressions and so divides both υ(x) and υ(y) and hence gcd(υ(x), υ(y)).  
Similarly because x = δυ(x)x - βυ(y) and υ(y) = -γυ(x) + αυ(y), gcd(x, y) divides 
gcd(υ(x), υ(y)).  Thus gcd(υ(x), υ(y)) = gcd(x, y)

(b) Show that gcd(a, b, c) = gcd(υ(a), υ(b), υ(c)) and b2 - 4ac = (υ(b))2 -
4υ(a)υ(c).  For the first part, we note that as a consequence of Eq(6), gcd(a, b, c) 
divides υ(a), υ(b), and υ(c)) and hence gcd(υ(a), υ(b), υ(c)).  By invoking the inverse 
of υ we can obtain a set of equations similar to (6) that give a, b, c as linear sums of 
υ(a), υ(b) and υ(c) and thus show that gcd(υ(a), υ(b), υ(c)) divides gcd(a, b, c).  For 
the second part, using Eq(6) and collecting terms in a2, b2, c2, ab, ac, bc, we find that 
b'2 - 4a'c' = b2(αδ - βγ)2 - 4ac(αδ - βγ)2 (these are the only terms with non-zero 
coefficients) = b2 - 4ac

(c) If υ = {α, β, γ, δ} and υ[a, b, c] = [a', b', c'] as shown in Th6(1), show that if 
υ-1 = {δ, -β, -γ, α} then υ-1[a', b', c'] = [a, b, c].  υ-1[a', b', c'] = [a'α2 + b'αγ + c'γ2, 2a'αβ 
+ b'(αδ + βγ) + 2c'γδ, a'β2 + b'βδ + c'δ2].  The first term is α2(aδ2 - bγδ + cγ2) + αγ(-
2aβδ + b(αδ + βγ) - 2cαγ) + γ2(aβ2 - bαβ + cα2) = a(α2δ2 - 2 αβγδ + β2γ2) + b(-α2γδ + 
α2γδ + αβγ2 - αβγ2) + c(α2γ2 -2α2γ2 + α2γ2) = a(αδ - βγ) = a.  Similarly the second and 
third terms are b and c respectively.

(4)  When d < 0 any reduced form of the type |b| ≤|a| ≤ |c| has |b| ≤ √(|d|/3), and |a|, |c| 
≤ |d|/3.  We have excluded the case a or c = 0 from consideration and in any case by 
1b above, a, c ≠ 0.  Since  |b| ≤|a| ≤ |c|, then b2 ≤ |ac|.
By 1b, a and c must have the same sign so ac > 0.  Hence |ac| = ac.  |d| = -d = 4|ac| - b2

≥ 3|ac|.  So b2 ≤ |ac| ≤ |d|/3.  Also, since a, c ≠ 0, |a|, |c|, ≥ 1 so  |a|, |c| ≤ |ac|.

(5)  Let 0 < d = b2 - 4ac and |b| < √d.  Show that either 2|a| and 2|c| both lie between 
√d + b and √d - b, or they both lie outside this range.  We have (√d + b)(√d - b) = -4ac
= (2|a|)(2|c|) (since -4ac > 0).  If b = 0 the range between √d + b and √d - b consists of 
the single point √d and since neither 2|a| nor 2|c| can take this value they both lie 
outside the range.  If b > 0 then √d + b > √d - b.  Let √d - b < 2|a| < √d + b.  Then (√d 
+ b)(√d - b) = (2|a|)(2|c|) <(√d + b)(2|c|) so 2|c| > √d - b.  Also (2|a|)(2|c|) > (√d -
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b)(2|c|) so 2|c| < √d + b.  We can use the same line of argument to prove the other 
cases.

(6) Verify the properties of the form [a, b, c] of positive non-square determinant d 
shown in Table 1.  We note that a, c ≠ 0 otherwise d is a square.  If |b| < √d then b2 - d 
= 4ac < 0 so either a > 0 and c < 0 or c > 0 and a < 0.  This verifies the first and fifth 
rows.  Similarly if |b| > √d then either a > 0 and c > 0 or c < 0 and a < 0.  This verifies 
the fourth and eighth rows.  Forms of the type shown in the second and sixth rows are 
not reduced by definition.  Forms of the type shown in rows 3 and 7 are reduced iff 
0 < b and 2|c| < b + √d.

(7) Let υ = {α, β, γ, δ} be a unimodular transformation such that υ[a, b, c] = [a', b', 
c'] where [a, b, c] = [a', b', c'] are reduced forms of positive discriminant and at least 
one of α, β, γ, δ is zero.  Show that in this case, [a', b', c'] is either identical with [a, b, 
c] or is its predecessor or its successor.  Say α = 0.  Since αδ - βγ = 1 we have βγ = -1 
so either (β, γ) = (1,-1) or (β, γ) = (-1,1).  Thus from Eq(5), c = a' and b' = ±2a'δ - b so 
2a = 2c' divides b + b'.  Therefore by Th11Cor1, [a', b', c'] is the predecessor of [a, b, 
c].  Now say β = 0.  We have either (α, δ) = (1, 1) or (α, δ) = (-1, -1).  From (5), c' = c 
and b' - b = ±2cγ so 2c divides b - b' or γ = 0 in which case the forms are identical.  
But since, by virtue of both forms being reduced, √d - 2a < b < √d and √d - 2a' = √d -
2a < b' < √d, then |b - b'| < 2|c| so γ = 0 anyway.  Similarly we find that if γ = 0 the 
forms are also identical and if δ = 0, [a, b, c] is the reduced form preceding [a', b', c'].  
It follows immediately that if fi is not a predecessor or successor of f0, i.e. |i| > 1, then 
none of αi, βi, γi, δi is zero.

The remaining items are results used in the proof of Theorem 12.  

(8)  Show that if -i < 0 then α-i = -i+1 = and β-i = δ-i+1 and if i > 0 then γi = αi-1 and δi = 
βi-1.  If -i < 0 we have by the form of the inverse reduction algorithm
υ-i = {0, 1, -1, δ'}{α-i+1, β-i+1, γ-i+1, δ-i+1} so, by equation (6), α-i-1 = γ-i and β-i-1 = δ-i.  A 
similar result obtains if i > 0.

(9)  (Gauss' Art 190)

Gauss' Article 190 proves some general results used in proving Th12.

(a)  Show that if mn' - m'n = ± 1 and none of m, n, m', n' is zero then m/n and 
m'/n' have the same sign.  Suppose the contrary, and m/n < 0 < m'/n'.  Then, 
multiplying by nn', either mn' < 0 < m'n or mn' > 0 > m'n, depending on the sign of 
nn'.  In the first case, we subtract mn' from each term and obtain 0 < -mn' < m'n - mn' 
= ± 1 which is impossible since m'n, -mn' ≥ 1.  In the second case, we subtract m'n 
from each term and obtain a similar contradiction.  We obtain the same outcome 
starting with m/n > 0 > m'/n'.

(b)  Show that if mn' - m'n = ± 1 and none of m, n, m', n' and n'' is zero and 
m''/n'' lies between m/n and m'/n' (and is not equal to either of them) then |n''| > |n| and 
|n'|.  If m/n < m''/n'' < m'/n' then multiplying by nn'n'', depending on the sign of this 
quantity either mn'n'' < m''nn' < m'nn'' or the inequality signs are reversed.  Either 
way, m''nn' lies between mn'n'' and m'nn''.  We find the same result if m/n > m''/n'' > 
m'/n'.

If mn'n'' < m''nn' < m'nn'' then 0 < n'(nm'' - mn'') < n''(nm' - mn') = |n''|.  Since m''/n'' ≠ 
m/n, then nm'' - mn'' ≠ 0 and since then |nm'' - mn''| ≥ 1, |n''| > |n'|.  Similarly -|n''| < 
n(n'm'' - m'n'') < 0 and n(n'm'' - m'n'') = -|n||n'm'' - m'n''| < -|n| so |n''| > |n|.  The same 
applies if we start with mn'n'' > m''nn' > m'nn''.
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(c)  Show that if mn' - m'n = ± 1 and none of m, n, m', n' is zero then there is no 
integer between m/n and m'/n'.   We know from (a) that m/n and m'/n' have the same 
sign, therefore zero cannot lie between them.  Suppose n''/m'' lies between n/m and 
n'/m'.  If m'' divides n'' we have n''/m'' = a/1 lying between n/m and n'/m', 
contradicting (b).  If m'' does not divide n'' then n''/m'' is not an integer.

(10)  If υi = {αi, βi, γi, δi} takes some reduced form [a, b, c] = f0 to another reduced 
form fi in the same cycle, then all the αi/βi with a positive index have the same sign, 
and this is the same as the sign of c; and all the γi/δi with a negative index have the 
same sign, and this is the opposite of the sign of c.

First we take i > 0.  By the counterpositive of Suppl, 7, if |i| > 1, then none of αi, βi, γi, 
δi is zero.  Since υ1 is the reduction algorithm, β1 = -1.  If α1 = 0, then υ1 = {0, -1, 1, 0} 
takes [a, b, c] to [c, -b, a] but b < 0 so the second form is not reduced.  Therefore α1 ≠ 
0.  Now for i > 1, αiδi - βiγi = 1 = (by (8) above) αiβi-1 - βiαi-1.  So by 9(a), αi/βi and 
αi-1/βi-1 have the same sign, and this must be that of α1/β1.  The result for i < 0 is 
obtained similarly.

We now show that γ-1/δ-1 has the opposite sign to α1/β1.  Since γ-1 = β1 = -1, it suffices 
to show that α1 and δ-1 have opposite signs.  By Th11 we have α1 = (|c|/c)([-(b + [√d] 
+ 1)/2|c|] + 1) and by Th11C2 we have δ-1 = (|a|/a)([-(b + [√d] + 1)/2|a|] + 1).  Because 
f0 is reduced, 0 < 2|c|, 2|a| < b + √d < b + [√d] + 1 so (b + [√d] + 1)/2|c|, (b + [√d] + 
1)/2|a| > 1, so [-(b + [√d] + 1)/2|c|] + 1 and [-(b + [√d] + 1)/2|a|] + 1 are both less than 
zero and since a and c have opposite signs, the result follows.

(11)  Show that |αi| > |αi-1| for i ≥ 1 and |βi| > |βi-1| for i > 2;  and if i < 0, then | δ-i-1| > 
|δ-i+1| for -i ≤ -1 and | γ-i-1| > | γ-i+1| for -i < -2.

Suppose first that i > 0.  We refer to the reduction algorithm that takes fi-1 to fi as ri, 
with ri = {hi, -1, 1, 0}.  Using Eq(6) we find that if υi = {αi, βi, γi, δi} then υi+1 = ri+1υi

= {hi+1αi - γi, hi+1 βi - δi, αi, βi}

We use induction.  Using the result above, υ1= {h1, -1, 1, 0}, υ2 = {h1h2 - 1, -h2, h1, -
1}, υ3 = {h1h2h3 -h1 - h3, h2h3 + 1, h1h2 - 1, -h2}.  By the proof of Th11, hi = (bi + bi-

1)/(-2ci-1).  In reduced forms b > 0 and in neighbouring reduced forms c alternates in 
sign.  Therefore hi ≠ 0 and alternates in sign.  So h1h2 is negative and |α2| = |h1h2 - 1| = 
|h1h2| + 1 > |h1| = |α1|.  h2h3 is negative so |β3| = |-h2h3 + 1| = | h2h3| + 1 > |h2| = |β2|.  
This completes the first step in the inductive process.

Now (for i ≥ 2) αi+1 = hi+1αi - γi = hi+1αi - αi-1.  If hi+1αi and - αi-1have the same sign, 
then |αi+1| = |hi+1αi| + |αi-1| > |αi|.  We prove that hi+1αi and - αi-1have the same sign
using induction.  If i = 2 we have h3α2 = h1h2h3 -h1 - h3 and -α1 = -h1.  h3 has the same 
sign as h1 and h2h3 is negative so h1h2h3 has the same sign as -h1.  This shows that the 
proposition is true for i = 2.  Now hi+1αi = hi+1(hiαi-1 - αi-2).  By the inductive 
hypothesis, hiαi-1 and - αi-2 have the same sign, so the term inside the brackets has the 
same sign as hiαi-1.  So the term on the RHS has the same sign as hi+1hiαi-1.  But hi+1hi

is negative, so this is the same sign as - αi-1.  This proves the result for αi.

The proof for βi+1, i ≥ 2 follows the same process, and the proof for i < 0 is also 
analogous, using as the reduction algorithm that takes f-i+1 to f-i the following:  r-i = 
{0, 1, -1, h-i}.

(12) (Gauss' Article 191)  Let {α, β, γ, δ} carry a reduced form [a, b, c] to another 
reduced form [a', b', c'] and let none of {α, β, γ, δ} be zero.  By 9a above we know that 
α/β, γ/δ have the same sign.  Show that if α/β, γ/δ have the same sign as a (or the 
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opposite sign to c), then (b - √d)/2c lies between α/β and γ/δ.  If they have the 
opposite sign, then (b + √d)/2c lies between β/α and δ/γ.

From Eq(5) we have c'/β2 = a - b(α/β) + c(α/β)2.  Treating this as a quadratic equation 
in α/β we find (2c)(α/β) = b ± √(d + 4cc'/β2).  If α/β, a have the same sign, then since a 
and c have opposite signs, the LHS side of this equation must be negative.  Since b > 
0, only the negative choice of sign on the RHS is valid, so (2c)(α/β) = b - √(d + 
4cc'/β2).

Similarly, we find from Eq(5) that (2c)(γ/δ) = b - √(d + 4ca'/δ2).  Now since [a', b', c'] 
is reduced, a' and c' have opposite signs, so √d must lie between √(d + cc'/β2) and √(d 
+ ca'/δ2) and thus between b - 2c(γ/δ) and b - 2c(α/β).  Thus (b - √d)/2c lies between 
α/β and γ/δ.

If α/β, γ/δ have the opposite sign to a, we divide the third equation of (5) by β2 to 
obtain a quadratic equation in β/α, and the first by γ2 to obtain a quadratic equation in 
δ/γ, and obtain the second result by an analogous process to the first, noting that 2a/(b 
- √d) = (b + √d)/2c.

(13)  Show that if i > 0, the αi/βi lie in the order α1/β1, α3/β3, ... , L, ..., α4/β4, α2/β2

where L = (b + √d)/2c (note that we do not know whether the sequence has an 
ascending or descending order, but all terms have the same sign) and L is the limit of 
both the even-index and the odd-index terms.  If i < 0, the γi/δi lie in the order γ-1/δ-1, 
γ-3/δ-3, ... , L, ..., γ-4/δ-4, γ-2/δ-2 where L = (b - √d)/2c and L is the limit of both the 
even-index and the odd-index terms.

Suppose i > 0.  From 8a above we know that αi/βi and γi/δi = αi-1/βi-1 have the same 
sign and from 12 above that they lie on opposite sides of L.  Now suppose for i > 2, αi-

2/βi-2 lies between αi/βi and αi-1/βi-1 = γi/δi.  By 8b above, |βi-2| > |βi| and |βi-1| which, 
from (11) above, is false.  Thus αi-2/βi-2 does not lie between αi/βi and αi-1/βi-1.  Since 
we already know that odd-indexed values lie on one side of L and even-indexed 
values on the other, this establishes the order of the terms.

Now αi+1/βi+1 - αi/βi = (αi+1βi - βi+1αi)/βiβi+1 = (by 11 above) ((hi+1αi - γi)βi - (hi+1βi -
δi)αi)/βiβi+1 = (αi δi - βiγi)/βiβi+1 = 1/βiβi+1 < 1/i2.  Since this term can be made as close 
to zero as desired by taking i large enough, the difference between αi+1/βi+1 and αi/βi

can be made as small as desired, and since L lies between them, this must be their 
limit.

The proof for i < 0 is similar.


