
Cliff Bott, 11 December 2011   email cliffbott@hotmail.com

NUMBERS AND DIVISION

It can be useful for us to think of numbers in terms of geometry, as points on a line. 
For example, we can think of the whole numbers as equidistant points on a 'number 
line' that starts at zero and extends to infinity:

We call the counting numbers 1,2,3, ... the positive integers.  We use the term non-
negative integers to refer to the positive integers augmented by 0.

We can extend the line in the opposite direction and mark off negative whole 
numbers:

We call the set of numbers 0, ±1, ±2, ... the integers.  If n is an integer, we call the 
distance of n from 0 (without regard to sign) the absolute value of n, or |n|.  Thus   |n| 
= n if n is non-negative and |n| = -n if n is negative. 

Using a ruler and compass and elementary geometry, we can construct another 
number line perpendicular to the original one.  If a is any integer other than zero, we 
can draw a line from a (on the horizontal line) to 1 (on the vertical) then a parallel line 
through 1 (on the horizontal line) to intersect the vertical line.  We call this point of 
intersection 1/a and since the two triangles are similar it is easy to see from 
elementary geometry that 1/(1/a) = a/1 so a(1/a) = 1.

It is clear that we can easily construct any desired integer multiple of 1/a.  Since a can 
be any integer except zero, it is clear that we can construct in this way any given 
fraction n/m such that n,m are integers and m ≠ 0.  We call these numbers (including 
zero) the set of rational numbers.  We observe that although 1/a appears only once on 
the number line, it can be represented in infinitely many ways as a ratio of integers, as 
2/2a, 3/3a, etc.  Thus, while thought of geometrically, a fraction is a single entity 
(point), when thought of arithmetically, it is an infinite set of fractions.

Now say we pick an arbitrary point on the number line, and call it x.  Is x a rationsl 
number?  We call the set of all numbers on the number line the real numbers.  It is 
clear that they include the rational numbers.  We are asking whether they include 
other numbers as well.

The ancient Greeks answered this question by showing that √2 (which can be 
represented geometrically as the length of the diagonal of a square with a side one 
unit long) is not a rational number.  At the end of the 19th century, Cantor 
demonstrated that in a sense almost all real numbers are not rational.
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We note that √2, although not rational, is a solution of x2 - 2 = 0 and this leads us to 
ask whether all real numbers are algebraic, that is, solutions of polynomial equations 
of finite degree with integer coefficients.  Cantor answered this question also, by 
demonstrating that in a sense almost all real numbers are not of this type.

Now let us think about measuring a positive integer a in terms of another positive 
integer b.  Let us assume for the moment that a > b.  We identify a on the number line 
and mark out the distance between 0 and a in segments of length b until we come as 
close as possible to a without actually overshooting it.  This occurs at a distance qb 
from 0.

If a lies exactly on the end of the last segment, that is, a = qb, then we say that b 
divides a.  Otherwise, we see that we fall short of a by an integral length r which is 
less than b.  In fact, we have a = qb + r where 0 < r < b.  Moreover, q and r are the 
only integers for which the relationship is true.

More generally, if b is some non-zero integer, then the integers qb, where q runs 
through all the integers, divide the number line into segments of length |b| and all real 
numbers other than the qb lie inside one of these segments.  Thus we can regard the 
following as self-evident:

Proposition (The Division Identity):  If s is some real number and b is a non-zero 
integer, then either s = qb for some integer q (b divides s) or there is a unique integer 
q such that qb < s < qb + |b|.

Supplement -   Some properties of inequalities    

Inequalities are used frequently in the following sections and here we list some 
properties.  It can be useful to visualise a < b as meaning that a lies to the left of b on 
the number line.  If a, b, c are real numbers then the following are true:

(i) if a < b then a + c < b + c  (it is clear that a + |c| < b + |c| and a - |c| < b - |c| so the 
proposition follows)

(ii)  if a > b then -a < -b  ( a - b > 0 so -(a - b) = b - a <0 so b - a - b < -b)

(iii)  if a < b and c > 0 then ac < bc. 
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