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Weierstrass' proof of the Lindemann-Weierstrass theorem (Part 1 of 3)

In part 1 of his 1885 paper, Weierstrass demonstrated the following lemma, which is both a 
simplification and a generalisation of the method developed by Hermite to prove the 
transcendence of e:

Lemma:  Let f(z) be a polynomial of degree n+1 (n > 0) with integer coefficients and whose 
roots z0, ... , zn are all distinct.  Then there exists a system of polynomials g0(z), ... , gn(z) of 
degree not greater than n in z, and with integer coefficients, such that (i) each of the 
differences

gν(z0)e λz - gν(zλ)e 0z

(where ν,λ can take any of the values 0, 1, ... , n) can be made arbitrarily small in absolute 
value, and (ii) the determinant whose elements are gν(zλ) is non-zero.

Weierstrass develops this result as follows – we assume variables and constants to be complex 
unless it is otherwise stated or clear from the context:

I.  We define a sequence of polynomials Ho(z), ... , Hm(z) recursively as follows:

Ho(z) = ∑
λ=0

n

cλλ! ∑
χ=0

λ zχ

χ !
   ..........................................................................   (1)

where z is complex.  Let 

f(z)  = ∑
ν=0

n+1

aνzn+1-ν   .......................................................................................   (2)

where a0 ≠ 0.  For 1 ≤ μ ≤ m

Hμ(z) - Hμ'(z) = ez

dz

d
(- Hμ(z)e-z) = f'(z)Hμ-1(z)..................................................   (3)

We note also that:

H0(z) - H0'(z) = ez

dz

d
(- H0(z)e-z) = ∑

λ=0

n

cλzλ = h(z)   ......................................   (4)

Expressed as a polynomial in z, aν and cλ, Hμ has integer coefficients

Using (3) and (4) we find that 

    d
dz

e−z Hμ(z) [f (z)]m−μ

    (m−μ)!
= −e−z f ' (z)Hm−1(z)   if μ = m

     = e−z f '(z)[Hμ(z) [f (z)]m−(μ+1)

    m−(μ+1) !
−

H
μ−1(z)[ f (z)]m−μ

    m−μ ! ] if 0 <μ < m

    =  
−e−z h(z) [f (z)]m

          m !
+

e−z f '(z)H0(z)[ f (z)]m−1

           m−1!
if μ = 0

Thus

m!

h(z)
[f(z)]me-z = 

dz

d
∑
μ=0

m

-
μ)!-(m

)(Hμ z [f(z)]m-μe-z   ...................................................   (5)

II.  We prove the following:  The function Hm(z) is only divisible by f(z) if all the values 
c0, ... , cn are zero, in which case H0(z), ... , Hm(z) are all zero.



If H0(z) is uniformly zero the proposition is clearly true by (1).  Otherwise, suppose it is not.  
Then H0(z) is not divisible by f(z) since it has lesser degree than f(z).  For m > 0 let

Ĥm(z) = ∑
μ=0

m

μ)!-(m

)(Hμ z
[f(z)] m-μ   ...................................................................   (6)

If we differentiate e-zĤm(z) then we readily obtain from (5)

Ĥm(z) -Ĥm
'(z) = 

m!

h(z)
[f(z)]m   ......................................................................   (7)

Because h(z) (as a consequence of (4)) cannot be uniformly zero and [f(z)]m is non-zero for at 
least some z because a0 ≠ 0, the RHS of (7) cannot be uniformly zero.  Therefore Ĥm(z) is not 
uniformly zero.

Now suppose Hm(z) is divisible by f(z).  By (6) Ĥm(z) is divisible by f(z).  Let

Ĥm(z) = Hm
*(z)[f(z)]ρ

where Hm
*(z) is not divisible by f(z).  Substituting in (7) we have

(Hm
*(z) - (Hm

*(z))')f (z) - ρHm
*(z)f '(z) = 

m!

h(z)
[f(z)]m-ρ+1

and so ρHm
*(z)f '(z) is divisible by f(z).  But because the roots of f(z) are distinct, f(z) and f'(z) 

have no common divisor and so either ρ is zero or Hm
*(z) is divisible by f(z), both contrary to 

hypothesis.

III.  We show that there are polynomials (in z) G(z, m), g(z, m) such that:

a0
mn+nHm(z) = G(z, m)f(z) + g(z, m)   .......................................................   (8)

where G, g expressed as polynomials in z, aν and cλ, have integer coefficients and g has degree 
n or less in z.  As a consequence of II, g is non-zero unless all the cλ are zero.

It is obvious that this is true for m = 0 by virtue of (1) and since H0(z) has lesser degree than 
f(z).  Suppose m > 0 and Hm(z) has leading coefficient C1.  We note that as a consequence of 
(3), Hm(z) has degree mn + n.  Then using (2)

a0
mn+nHm(z) - C1a0

mn+n-1f(z)zmn-1 = a0
mn+n-1F1(z)

F1(z) is a polynomial in z, aν and cλ with integer coefficients and has degree mn + n -1 or less 
in z.  If F1 has degree n or less the proposition is proved.  Otherwise we repeat the process.  At 
some stage on or before the mnth step the process terminates and we obtain an expression of 
the form (8).

IV.  Next we derive a sequence of polynomials (in z) g0(z, m), ... , gn(z, m) with the properties

(i) ∑
ν=0

n

cνgν(z, m) is not uniformly zero for any positive integer m unless all of c0, ... , cn are 

zero
(ii) if z0, ... , zn are specific, distinct complex numbers the determinant whose elements are 
gν(zλ, m) (ν, λ = 0, ... , n) is always non-zero.

By the definitions (3) and (4), the coefficients of z in Hm(z) are linear functions of c0, ... , cn .  
If we apply the algorithm used in III, we can see that G(z, m) and g(z, m) have the same 
property and in particular we can write

g(z, m)  = ∑
ν=0

n

cνgν(z, m)   ............................................................................   (9)

Property (i) holds since g is non-zero unless all the cν are zero.
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Consequently, the polynomials gν(z, m) do not have a linear relationship.  Now if there were n 
+ 1 distinct values of z, namely z0, ... , zn, such that the determinant |gν(zλ, m)| was zero, this 
would imply that for some arbitrary μ, each coefficient of gμ(zλ, m) could be expressed as a 
linear combination of the corresponding coefficients of the gπ≠μ(zλ, m), which contradicts (i).

V.  Let z', z'' be two roots of f(z).  We now show that the absolute value of

gν(z', m)ez'' - gν(z'', m)ez'

can be made arbitrarily small (for fixed values of aν, n, z', z'') by taking m sufficiently large.

For these values of z the only non-zero terms in the sum in (5) are those for which μ = m, so

Hm(z'')e-z'' - Hm(z')e-z' = - ∫
z'

z ' '
h (z)
m !

[f(z)]me-zdz   ................................................   (10)

From (8) we then have, on multiplying the equation by ez'+z''

g(z', m)ez'' - g(z'', m)ez' = ez'+z'' ∫
z'

z ' '
h (z)
m !

(f(z)a0
n+1)me-zdz   ...............................   (11)

Now if for some specific ν we set cν = 1, cπ≠ν = 0 we have g(z, m) = gν(z, m) on the left hand 
side of (11) and, by (4a), h(z) = zν on the RHS.  Thus  

gν(z', m)ez'' - gν(z'', m)ez' = ez'+z'' ∫
z '

z ' '
zν

m!
(f(z)a0

n+1)me-zdz   ...............................   (12)

Because the integrand is analytic, the value of the integral is independent of the path of 
integration, which we can take to be a straight line.  The absolute value of the integral is less 
than or equal to

|ez'+z''||z'' - z'|max|zνe-z|
(max∣f (z)a0

n+1∣)m

          m !
= ABm/m!

where max refers to the maximum value of the argument along the path of integration.  The 
quantity on the right becomes arbitrarily small for sufficiently large m.

VI.  The Lemma follows immediately if we take the aν to be integers since then the functions 
g are polynomials in z with integer coefficients.
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