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Long Division Method of Calculating Square Roots

When I was in primary school, in the '50s and '60s, a pencil-and-paper method of finding square 
roots was taught.  It resembled the pencil-and-paper method for long division.

This Youtube clip by Anita Govilkar demonstrates the method, using a worked example.  My aim 
here is to explain how and why the method works.

Say we want to find the positive square root, A, of a positive real number N.  We express N thus:

N = n1*102k + n2*102k-2 + ...    

where ni is a pair of digits.  We avoid any representation of N involving an infinite string of nines, 
for example the representation of three as 2.999.... .  

We use the asterisk to symbolise multiplication.  Numerical superscripts represent powers, as usual. 
The juxtaposition of digits is used solely as shorthand for the decimal form of a number.

The pencil-and-paper method generates a string of digits a1a2 ..... such that a1 is the largest 
(necessarily single digit) integer such that a1

2 ≤ n1, a1a2 is the largest (necessarily two digit) integer 
such that (a1a2)2 ≤ n1n2 and so on.  Then (see Endnote A):

A =  a1*10k + a2*10k-1 + ...    
a1 can easily be found by trial-and-error.  If j > 1 the condition

(a1 ... aj)2 ≤ n1 ... nj 
is equivalent to:

aj*[(2*Aj-1)aj] ≤ (Nj-1 - Aj-1
2)nj 

where Aj = (a1 ... aj) and Nj = (n1 ... nj).  The method works by finding at each step, by trial and error,
the maximum value of aj for which this condition holds.

The calculation is tabulated as follows (a worked example is given at Endnote B):

a1 a2 a3 ............

d1 = a1 n1 (= q1) n2 n3 ............

a1*d1 

d2 =(a1 +d1)a2 q2 = q1 - a1*d1 n2

a2*d2

d3=(a2+d2)a3 q3=q2n2-a2*d2 n3

a3*d3

q4=q3n3-a3*d3

The order of calculation is as follows:

First step:  we write N with the digits grouped in pairs as described.  We find a1 by trial and error 
and record it in the table as shown.  If a1

2 = n1 and nj>1 = 0 the algorithm is completed.   
Second step:  Otherwise we label n1 as q1 and subtract a1*d1 from it to form q2.  We 'bring down' n2 
to form the integer q2n2.  To the left of q2 we form the integer a1+ d1.  By trial and error we find the 
greatest integer a2 such that a2*d2 is less than or equal to q2n2.  If the equality applies and nj>2 = 0 the 
algorithm is completed.

j-th step:  Otherwise we subtract aj-1*dj-1 from it to form qj.  We 'bring down' nj to form the integer 
qjnj.  To the left of qj we form the integer aj-1+ dj-1.  By trial and error we find the greatest integer aj 

such that aj*dj is less than or equal to qjnj.  If the equality applies and nm>j = 0 the algorithm is 
completed.

http://www.youtube.com/watch?v=R7Vgk9D8xMo


The rationale is obvious if we realise that aj-1 + dj-1 = 2*Aj-1 and qj = Nj-1 - Aj-1
2.   

When j = 2 this is obviously so.
Suppose it is so for all integers 1≤ j - 1 ≤ m-1.  Then

   am + dm = am + (am-1 + dm-1)am = am + (2*Am-1)am = (2*Am-1)*10 +2*am = 2*(10*Am-1 + am) = 2*Am 
and

   qm = qm-1nm-1 - am-1*dm-1 = 100*(Nm-2 - Am-2
2) + nm-1 - am-1*(2*Am-1 - am-1) 

= Nm-1 - [100*Am-2
2 +2*am-1*(10*Am-2 + am-1) - am-1

2] 

= Nm-1 - (10*Am-2 + am-1)2 
= Nm-1 - Am-1

2 

Endnote A
Let √N = 10k * b1 + B   where B < 10k if B does not contain an infinite string of 9s

then N = 102k*b1
2 + 2*b1*B*10k + B2 < 102k *(b1 + 1)2 

if b1 > a1  then N ≥ (n1 + 1)*102k :  a contradiction.

if b1 ≤ a1 - 1 then N < 102k * n1:  a contradiction.
Thus b1 = a1 

Now say √N = (a1b2)*10k-1 + B where B < 10k-1 .  We can use the same argument to show b2 = a2 and
thus proceed by induction to any desired degree of accuracy.  

Endnote B

We use the numerical example: N = 776.4

2 7 8 6

2 07 76 40 00

4

47 = (2+2)7 3 76

3 29

548 = (7+47)8 47 40

43 84

5566 = (8 + 548)6 3 56 00

3 33 96

22 04

27.86 is the largest 4 digit number whose square is less than 776.4, so in this example the algorithm 
works at least for the first four digits of A.
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