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THE INTEGERS AND THE REAL NUMBERS

(What follows is from the perspective of naive set theory, in which an intuitive, rather 
than axiomatic, approach is taken to proofs of propositions.)

At the end of the 19th century, Georg Cantor showed that in a certain sense, there are 
the same number of natural or counting numbers (positive integers), integers, rational 
numbers, and algebraic numbers, but that there are infinitely more real numbers, and 
therefore that the 'size' or cardinality of the 'continuum' or set of real numbers is 
greater than the 'size' of the set of natural numbers (given the symbol ℵ0 ).  That is, 
the real numbers are 'uncountable'.  

Cantor also showed that there is no infinite set with cardinality 'less' than ℵ0 , but 
that there is an infinite hierarchy of sets with size larger than the set of real numbers.

If A and B are sets, then a mapping from A to B associates every member of A with 
exactly one member of B.  B can be the same set as A, but we tend to imagine it as a 
duplicate set.  A function (i.e. a single valued function as understood in real or 
complex analysis) is a mapping and, so long as it is understood which sets are 
involved, we can use the function notation f(α) to indicate mapping of the elements α 
of A to B.  

Not every element of B needs to be associated with an element of A.  If, however, 
there is such an association, we say the mapping is onto.  A mapping is one-to-one if 
no two elements in A map to the same element in B.  If a mapping is both one-to-one 
and onto we call it a one-to-one correspondence between sets.  Shorter terms for the 
preceding are surjective, injective and bijective respectively. 

We characterise set A as has as having equal cardinality with set B if there is a 
bijective mapping between them.  However to firmly establish equal cardinality we 
need to be assured that a bijective mapping from A to B is also one from B to A.

Suppose there is a mapping from A to B that is surjective.  Then it associates each 
element of B with at least one element of A.  If it is injective then it associates each 
element of B with exactly one element of A, so the association, of elements of B with 
those of A, is bijective.

Now suppose there is no injective mapping φ from A to B that is surjective.  Then the 
cardinality of B (which we denote |B|) is in a sense larger than |A| since when we 
attempt to associate the elements of A with those of B there are always elements of B 
left over.  So we can say that |B| ≥ |A| if there is an injective mapping from A to B 
which is not necessarily surjective.

If |A| ≥ |B| and |B| ≥ |A| we would expect to find that:

Schroeder-Bernstein Theorem:  if there exist injections from A to B and from B to A, 
then there exists a bijection.

Although the theorem seems intuitively obvious, its proof for infinite sets is not 
entirely straightforward.

Let f and g be the respective injections.

If f associates with element α of A some element β of B then since it is injective it 
associates with β a unique element α of A.  We call the total of all such mappings 



THE INTEGERS AND THE REAL NUMBERS

from B to A f-1.  Note that f-1 may map only a subset of B back to A.  Note also that f-1 
is injective. 

Similarly we can define the mapping g-1 from A to B. 

We can define for the elements of A a quality called ancestry.  Let α be some element 
of A.  If g does not relate any element of B to α we say α has ancestry 0.  Otherwise, 
we call this element of B, g-1(α), the first ancestor of α.  Now if f-1 does not relate any 
element of A to this first ancestor, we say α has ancestry 1.  Otherwise, we call the 
element of A that is thus related to the first ancestor of α  the second ancestor of α.

Continuing in this way we can allocate each element of A to one of three subsets of A,
which are mutually exclusive and which combined contain all elements of A.  These 
are:

Aeven :  the element has an even number (including elements of ancestry zero, if 
such exist) of ancestors, in which case the ultimate ancestor is in A

Aodd :  the element has an odd number of ancestors, in which case the ultimate 
ancestor is in B

A∞ :  the process does not terminate.

Similarly we can allocate each element of B to one of Beven ,  Bodd  and B∞

Now consider the mapping Ψ from A to B:
Ψ(α) = f(α) if α is in Aeven or A∞ ,  otherwise Ψ(α) = g-1(α) 

Ψ is injective because both f and g-1 are injective.

Ψ is surjective because

if β is any element in B∞ then it necessarily has an ancestor α in A∞ which f  
maps to it.  Thus f maps some element of A∞ to every element of B∞.  Thus Ψ is 
a surjective mapping of A∞ to B∞ 

if β is any element in Bodd then it necessarily has an ancestor in Aeven which f 
maps to it.   Thus f maps some element of Aeven to every element of Bodd.  Thus Ψ
is a surjective mapping of Aeven to Bodd 

if α is in Aodd then it necessarily maps to Beven by g-1.   However every member of
Beven is mapped to A by g hence back again by g-1.  Thus there is no element of 
Beven of zero ancestry and Ψ is a surjective mapping of Aodd to Beven 

We call a set 'countable' if it is finite or has cardinality ℵ0 (i.e. has a bijection with 
the positive integers).  Now we show that the following:

(a)  the integers are countable

(b)  no infinite set has cardinality less than ℵ0

(c)  a set consisting of a countable number of countable sets is countable

(d)  the rational numbers are countable
(e)  the algebraic numbers are countable.

(a)  If n is a non-negative integer we can map it to 2n, if it is negative we can map it to
-2n + 1.  This mapping is injective and its inverse is also.
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(b)  Let B be a set such that |B| ≤ ℵ0 .  By the definition of inequality adopted 
above there is an injective mapping, g say, from B to the positive integers.  So we can 
regard g as assigning positive integer subscripts to the elements of B.  We order the 
elements β of B according to subscript, βi, βj and so on where i, j are positive integers 
and i < j.  We now define another injective mapping h from B to the positive integers 
by assigning the element of B with the lowest subscript to 1, the element with the next
lowest subscript to 2 and so on.  If there were a positive integer that h did not map to, 
B would be finite, so h must be surjective.  

(c)  We can say A = {A1, A2, ...} with A1 = {a11, a12, ...}, A2 = {a12, a22, ...} etc and 
arrange these sets in an infinite array.  We can then count through the elements as 
shown:

We can define a mapping φ from A to the integers by φ(a11) = 1, φ (a21) = 2,  φ(a12) = 3
etc.  In general φ(amn) = (m + n - 1)(m + n - 2)/2 + n (see Note 1).  φ is surjective, 
since for every element of N there is a corresponding pair m, n;  and it is injective, 
since for every element of N the corresponding pair m, n is unique.

(d)  Consider the array A:

This contains all the positive rational numbers, and consists of a countable number of 
countable sets.  Therefore by (c) it is countable.  The full set of rational numbers 
consists of this array, zero, and the negatives of the numbers in the array, so by (c) is 
countable also.

(e)  We show firstly that the number of polynomials p(x) = anxn + an-1xn-1 + ... + a1x + 
a0, where the ai are integers and n is a non-negative number, is countable.  We define 
the height of a polynomial h(p(x)) as n + |a0| + ... + |an|.  We call H the set of 
polynomials of height h.  Now the number of polynomials in any H is finite (see 
Note 2).  Therefore the set of polynomials consists of a countable number of finite 
sets and is countable.
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The algebraic numbers are the set of solutions (real or complex) to polyomials with 
integral coefficients.  The Fundamental Theorem of Algebra states that there are 
exactly n solutions to a polynomial of degree n.  Therefore the set of all solutions of 
all polynomials consists of a countable number of finite sets.

Now we show that the set of real numbers is not countable.

We assume that any real number can be represented as a decimal expansion 
r = A.a1a2 ... where A is an integer and ai is a number from 0 to 9.  Here A = [r] (the 
greatest integer less than r) and ai = [10i(r - A - 10a1 ... - 10i-1ai-1)].  (It can certainly be 
shown that a decimal approximation can be found that is as close as desired to any 
given real).  If R is countable we can index its members with the integers and arrange 
them one above the other in a list:

r1 = A1.a1
(1)a2

(1)a3
(1)…

r2 = A2.a1
(2)a2

(2)a3
(2)…

etc.

Using this system every real number has exactly one decimal representation.  In 
particular a number with a finite decimal expansion cannot be written alternatively 
with an infinite string of 9s after a certain point (for example 1/2 must be written 
0.5000... , not 0.4999...).

We show that we can construct a real number r, the decimal representation of whose 
fractional part that is different from that of every ri in the list.  Thus r is not in the list, 
contradicting the original hypothesis.  The method of construction is called Cantor's 
diagonal method.

Let r be a real number whose decimal expansion is A.b1b2b3... , with the bi constructed
as follows:  put b1 equal to some digit other than a1

(1) (but not to 9 if a1
(1) = 0 to avoid 

generating the non-allowed decimal representation).  Thus r differs from r1.  Now put 
b2 equal to some digit other than a2

(2) (including the proviso adopted previously).  
Thus r differs from r2 as well as from r1.  Proceeding in this way we have bn ≠ an

(n), 
hence r ≠ rn, for all positive integers n.  Therefore the real numbers cannot be 
countable.  

The question arises as to whether there is a set intermediate in size between the 
positive integers and the real numbers.  This question is known as the continuum 
hypothesis.  In 1938 it was proved that the truth of the continuum hypothesis is not 
inconsistent with the standard axioms of set theory, and in 1963 that its falsehood is 
not inconsistent with those axioms.  In other words, the question is not decidable 
within the standard axioms of set theory.

Note 1  If we number the diagonals to the upper left of a given element amn it is clear 
that the number of a given diagonal is m+n-1 and that it contains m+n-1 elements.  
Therefore the number of elements in the diagonals to the upper left of a given element
is 1+2+ ... + (m+n-1) and also amn is the nth element in its diagonal.

Note 2  The number of polynomials with height h is finite.  The value of any |ai| 
cannot be more than h, so no ai can have more than 2h + 1 values.  n cannot be more 
than h, so there can be no more than (2h + 1)h + 1 polynomials.
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